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Abstract. In this paper we develop a theory of free holomorphic functions on noncommutative Rein- 
hardt domains D™('H) C B('H)", generated by positive regular free holomorphic functions / in n 
noncommuting variables, and by positive integers m > 1, where Biji) is the algebra of all bounded 
linear operators on a Hilbert space H. Noncommutative Berezin transforms are used to study Hardy 
algebras //°°(Dy*^^j) and domain algebras AIT>^^^^) associated with T)^{'H), and compositions of free 
holomorphic functions. 

We obtain noncommutative Cartan type results for formal power series, in several noncommuting in- 
determinates, which leave invariant the nilpotent parts of the corresponding domains. As a consequence, 
we characterize the set of all free biholomorphic functions F : D™(?^) — > Dg('H) with F{0) = 0. 

We show that the free biholomorphic classification of the domains D™(>^) is the same as the clas- 
sification, up to unital completely isometric isomorphisms having completely contractive hereditary 
extension, of the corresponding noncommutative domain algebras j4(D™^^j). In particular, we prove 
that ^ : ^(DJ. ^^j) — A(Dg j^^j) is a unital completely isometric isomorphism if and only if there is a 
free biholomorphic map i/p £ Bifc(Dg,Dj. ) such that 

This implies that the noncommutative domains D^CH) and DgCH) are free biholomorphic equivalent if 
and only if the domain algebras ^(D^ ^_^^) and A(D^ ^^^) are completely isometrically isomorphic. Us- 
ing the interaction between the theory of functions in several complex variables and our noncommutative 
theory, we provide several results concerning the free biholomorphic classification of the noncommuta- 
tive domains Dy(W) and the classification, up to completely isometric isomorphisms, of the associated 
noncommutative domain (resp. Hardy) algebras. In particular, we characterize the unit ball of BCH)" 
among the noncommutative domains D™('H), up to free biholomorphisms. We also obtain characteri- 
zations for the unitarily implemented isomorphisms of noncommutative Hardy (resp. domain) algebras 
in terms of free biholomorphic functions between the corresponding noncommutative domains. 
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Introduction 

In recent years, we have developed a noncommutative analytic function theory on the open unit ball 

[B{nri :={(Xi,...,X„) ei?(H)" : \\X,X* + ■ ■ ■ + X^X:\\ < 1}, 

where B{7i) is the algebra of all bounded linear operators on a Hilbert space H. We showed that several 
classical results from complex analysis and hyperbolic geometry have free analogues in this noncommu- 
tative multivariable setting (see [23], [2S], [23 ) [2H]) [SO]) [SI])- Related to our work, we mention 
the papers [7] , [S] , [Hj , [E] , [3S! , and ^35] , where several aspects of the theory of noncommutative an- 
alytic functions are considered in various settings. Some of the results concerning the noncommutative 
analytic function theory on the open unit ball [B{H)^]i were extended (see Chapter 2 from [35]) to free 
holomorphic functions on the interiors of noncommutative ball-like domains 

T>l{n) {X (Xi, . . . ,X„) G B(H)" : %^x{I) < /}, 

where <^p,x{y) := Y.kLiJ2\a\=k°'a^aYX* for Y e B{n), and p = Efeli E|a|=fc ^ positive 

regular noncommutative polynomial, i.e., its coefficients are positive scalars and Cq, > if a € with 
\a\ — 1. Here, F+ is the unital free semigroup on n generators gi, ...,(/„ and the identity gQ. The length 
of a e F+ is defined by |a| := if a = go and \ct\ '■= k if a = gi-^ ■■ ■ gi^ , where ii, . . . ,ik G {1, . . . , n}. If 
X := {Xi,...,X„) e B{nT we denote X„ := X,, • • • Xi, and Xg^ := /«. 
In [24j . we studied more general noncommutative domains 

D^(H) {X (Xi,...,X„) e B(H)" : (id - $p,x)''(/) > for 1 < fc < m} , 

where m > 1. We showed that each such a domain has a universal model [Wi, . . . ,Wn) of weighted 
creation operators acting on the full Fock space F'^{Hn) with n generators. The study of D™('H) is 
close related to the study of the weighted shifts Wi, . . . ,Wn, their joint invariant subspaces, and the 
representations of the algebras they generate: the domain algebra Ai(D™), the Hardy algebra i^^(D™), 
and the C*-algebra C*{Wi, W„). 

The present paper is an attempt to develop a noncommutative analytic function theory on the radial 
parts 

D™ad(^):= U 

0<r<l 

of noncommutative starlike domains D™(H), i.e., satisfying the condition rD™('H) C D™(H) for any 
r £ [0, 1). We mention that Dp('H) is always a starlike domain and rad(^) equal to the interior of 
Dp(H). We also remark that if g = Xi -|- • • • -I- X„ and m > 1, then D™('H) is a starlike domain which 
coincides with the set of all row contractions (Xi, . . . , X„) £ [B{T-L)'"']i satisfying the positivity condition 

k=0 ^ |a|=fe 

The elements of the domain D™('H) can be seen as multivariable noncommutative analogues of Agler's 
m-hypercontractions [1 . In this case, we also have that D™i.ad(^) interior of D™(H). 

We introduce the class of free holomorphic functions on the noncommutative radial domain D^j.^^, 
m > 1. A formal power series F := X]QeF+ ^aZa, Ca £ C, in n noncommuting indeterminates Zi, . . . ^ Zn 
is called free holomorphic function (with scalar coefficients) on the noncommutative domain 1-^"^^.^^^ if its 
representation on any Hilbert space i.e., the map F : D™rad(^) ^ ^(^) given by 

oo 

F(Xi, . . . , X„) := ^ ^ CqXq,, (Xi, . . . , X„) g D™j.j^j(H), 

fe = |Q|=fc 

is well-defined in the operator norm topology. The map F is called free holomorphic function on D™j,jj(j(?^). 
We remark that if m = 1 and p = Xi + ■ ■ ■ -\- X„, then our definition coincides with the one for free 
holomorphic functions (see [23]) on the open unit ball of B^H)"- . 

There is an important connection between the theory of free holomorphic functions on noncom- 
mutative domains D™ j^j('H) and the theory of holomorphic functions on the corresponding domains 
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/nt(D™(C*')) C C"'' , s € N, where Int denotes the interior. This is due to the fact that the representa- 
tion of any free holomorphic function on a finite dimensional space ("H = C*) is a holomorphic function 
in the classical sense. This connection will allow us to use the theory of functions in several complex 
variables ([12], [22], [31]) and our noncommutative theory in our attempt to classify the domains D™('H) 
and the corresponding noncommutative domain (resp. Hardy) algebras (see Theorem 14.31 Theorem 14.81 
and Corollary 14. 9|) . As in the case of biholomorphic maps between domains in C", n > 1, (see [11], [32]), 
we expect a great deal of rigidity for free biholomorphic functions between noncommutative domains. 

In Section 1, we recall basic facts concerning the noncommutative Berezin transforms (f24J) associated 
with noncommutative domains D™('H), m > 1, and characterize the algebra iJoZg(D™j,^j) of all free 
holomorphic functions on D™^.^^^^, with operator- valued coefficients in B{£). 

In Section 2, we introduce the Hardy algebra -ff°°(Dp"rad) ^'^'^ domain algebra AiTi^^^^) associated 
with the noncommutative domain 0™^.^^^^, m > 1. Let -ff°°(Dp"rad) denote the set of all elements ip 
in HoliTi^^^^) such that ||(/3||oo := sup ||((f(X)|| < oo, where the supremum is taken over all n-tuples 
X £ Dp"rad(^) H is a separable infinite dimensional Hilbert space. We denote by ACD^^.^^) the set of 
aU If in iJo/(D™j,jjjj) such that the mapping D™j.j^^(H) 9 X ip{X) g BCH) has a continuous extension to 
[D™rad(^)]" ='d"(H). It turns out that i?°°(D^';^^^) and A{T>^^^^^) are Banach algebras under pointwise 
multiplication and the norm || • ||oo- Using noncommutative Berezin transforms ( |24| ) . we identify the 
noncommutative algebra i^^(D™) and the algebra ^„(D™) with the Hardy algebra H°°{'D^^.^^) and 
the domain algebra ^(D™].ad)' respectively (see Theorem 12 . 1 1 and Theorem l2.21) . We recall (^24 ) that the 
Banach algebra i^^(D™) is the sequential WOT-(resp. w*-)closure of aU polynomials in Wi,. . . , Wn, 
and the identity, while ^„(D™) is the norm closed algebra generated by the same operators. Hardy 
algebras of bounded free holomorphic functions with operator-valued coefficients are also discussed. 

In Section 3, we present several results concerning the composition of free holomorphic functions on 
noncommutative domains D^j.^^^^. These results are used, throughout this paper, to study free biholomor- 
phic functions. Let p and g be positive regular noncommutative polynomials with n and q indeterminates, 
respectively, and let m,l > 1. A map F : D™('H) — > T)g{H) is called free biholomorphic function if is a 
homeomorphism in the operator norm topology and i^lo™ ^{n) and F^^\j^i ^(-h) are free homolorphic 
functions. In this case, the domains D™('H) and 'Dg{'H) are called free biholomorphic equivalent. 

In Section 4, we obtain a noncommutative Cartan {^) type result (see Theorem 14.51) characterizing 
the set Si/io(D^",D^) of all free biholomorphic functions F : D™(-H) B'giH) with F(0) = 0. Several 
consequences concerning the biholomorphic classification of noncommutative domains are obtained. In 
particular, we characterize the unit ball of B{'H)^ among the noncommutative domains D™(H), up to 
free biholomorphisms. 

In Section 5, we present the main result of this paper (see Theorem 15. ip which shows that the free 
biholomorphic classification of the noncommutative starlike domains D™('H) C -B(H)", generated by 
positive regular noncommutative polynomials p and positive integers m > 1, is the same as the clas- 
sification, up to unital completely isometric isomorphisms having completely contractive hereditary ex- 
tension, of the corresponding noncommutative domain algebras ^„(D™) ~ A{T>'^^^^). We show that 
\1/ : A(D™j.g^j) — 7^ ^(D^ j.jjjj) is a unital completely isometric isomorphism having completely contractive 
hereditary extension if and only if there is a free biholomorphic map <f G BihCDg, D™) such that 

In particular, we prove that the noncommutative domains Dp('H) and Dg('H) are free biholomorphic 
equivalent if and only if the domain algebras ^„(Dp) and AqCDg) are completely isometrically isomorphic. 
We mention that if m = / = 1 and p = g = Xi + ■ ■ ■ + Xn, we recover (with a different proof) the 
corresponding result from |30) . In the particular case when n — m — I — 1 and p — g — X, we obtain 
the well-known result ([10]) that the automorphisms of the disc algebra A(D), of all bounded analytic 
functions on the open unit disc D := {z G C : \z\ < 1} with continuous extensions to the closed disc, are 
the maps Q-ri^) — V ° t, ip G A(D), where r is a conformal automorphism of the unit disc D. 

Combining the main result of this paper with the Cartan type results from Section 4, we obtain a 
characterization of all isomorphisms 4* : ^(D^rad) ~^ ^C^^g rad) with ip{0) = 0. We mention that, in the 
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particular case when m = I = 1, our result strengthens and provides a converse of the main result of 
Arias and Latremoliere (see Theorem 3.18 from [2]), who proved that if there is a completely isometric 
isomorphism between two noncommutative domain algebras ^„(Dp) and ^„(Dg) whose dual map fixes 
the origin, then the algebras are related by a linear relation of their generators. 

In Section 6, we characterize the unitarily implemented isomorphisms between noncommutative Hardy 
algebras H°° (D^^j.^^) and H°°{'Dg ^^^) in terms of free biholomorphic functions between the correspond- 
ing noncommutative domains. Similar results are deduced for noncommutative domain algebras. In 
particular, when m = 1, we prove that the group AutuiAni^p))) of all unitarily implemented auto- 
morphisms of the noncommutative domain algebra ,4„(Dp) is isomorphic to the group Aut^(T>l) of all 
free biholomorphic functions ip G Aut(Dp) with the property that the model boundary function ip is a 
pure n-tuple, i.e., SOT-limfc^oo ^{I) = 0, with rank [/ — <I>p.^(/)] = 1 and the characteristic function 

= 0. 

We should mention that the results of this paper are presented in a more general setting, namely, 
when the polynomials p and g are replaced by positive regular free holomorphic functions on open balls 
7 > 0. 




1. Free holomorphic functions on noncommutative Reinhardt domains 

We begin by setting up the notation and by recalling some basic facts concerning the noncommutative 
Berezin transforms associated with noncommutative domains D™('H), m > 1. We characterize the 
algebra of all free holomorphic functions on 0™^.^^, with operator- valued coefficients, and discuss the 
connection between the theory of free holomorphic functions on noncommutative domains D^j-ad ^'^'^ 
theory of holomorphic functions on domains in C^'. 

Let / X]aeF+ ^a^a, a-a e C, be a free holomorphic function on a ball [^('H)"]^ for some 7 > 0. 
As shown in [23], this condition is equivalent to 

l/2fc 

' < 00. 

Throughout this paper, we assume that > for any a G F+, ag^ = 0, and ag. > 0, i = 1, . . . , n. A 
function / satisfying all these conditions on the coefficients is called a positive regular free holomorphic 
function. We denote by id the identity map acting on the algebra of all bounded linear operators 
an a Hilbert space. Given m,ri g N := {1,2,...} and a positive regular free holomorphic function 
/ := |q|>i '^aXa, wc define the noncommutative domain 

D^CH) := {X := (Xi,...,X„) e BCH)" : (id - > for 1 < fc < m} , 

where : B{n) ^ Bi^H) is defined by := E^i E|a|=fc ««^«^^a, Y e B{n), and the 

convergence is in the week operator topology. DJ-iJi) can be seen as a noncommutative Reinhardt 
domain, i.e., (e^^^Xi, . . . , e'^"X„) G Bfin) for any (Xi, . . . , X„) e Bfln) and 6*1, . . . , 6l„ G M. We say 
that is power bounded if there exists a constant M > such that < M for any k E N. In 

particular, this is the case if ^f^x{I) < I- We recall (see [24], Lemma 1.4) the following result. If ^f\x 
is a power bounded positive map and m e N, then 

(id- $/,x)"(/) > if and only if (id - $/,x)''(/) > 0, A: = 1, 2, . . . , m. 

Note that if {Xi,...,Xn) e T>f{n) then 

(1.1) \\x,x*, + ■ ■ ■ + x,,x:\\ < 



minjoQ : |a| = 1} 
Indeed, since $/^x(^) < I and > 0, we deduce that 

min{a„ : |a| = l}(XiX* + • • • + XnX*J < ^ a^X^X^ < /. 



i|>i 
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Throughout this paper, unless otherwise specified, we assume that 7^ is a separable infinite dimen- 
sional Hilbert space and D™(H) is a closed (in the operator norm topology) starlike domain, i.e., 
{rXi, rXr^) G Bf{n) for any n-tuple (Xi, . . . , X„) e D^(H) and r G [0, 1). In particular, BfCH) is 
path connected to 0. Note that if m = 1, then Dy(H) is always a closed starlike domain. This case was 
extensively studied in |29) . When m > 2, we point out the following class of noncommutative starlike 
domains. 

Example 1.1. ([24]) If p{Xi, . . . ,X„) := aiXi -\ h a„X„, > 0, then D"('H), m eN, is a dosed 

starlike domain. 

Now, we recall ( [53], [SS]) a few facts concerning the noncommutative Berezin transforms associated 
with noncommutative domains D™('H), to > 1. Let be an n-dimensional complex Hilbert space with 
orthonormal basis ei, 62, . . . , e„, where n G N, or rt = cx). Consider the full Fock space of i7„ defined by 

F^iH,,) :=Cl®0i^^^ 

k>l 

where IHjf'' is the (Hilbert) tensor product of k copies of We denote Ca ■= eii ^ ■ ■ ■ <E) Ci^ if 

— 9ii ' ' ' 9ik ^ where ii, . . . ,ik G {1, . . . , n}, and eg„ 1. Note that {ea}cgF+ orthonormal 
basis for F^{Hn). Define the left creation operators Si, i = 1, . . . ,n, acting on F^{Hn) by setting 

Slip := e, (E) (p, (peF'^{Hn). 

Let Di : F^{Hn) — > F^{Hn), i — I, . . . ,n, he the diagonal operators given by 



Cq , G , 



where 



(1.2) 6M:=1 and ^ '^^^ ' ' ' ^ t -7 ^ if « ^ F+, |a| > 1. 

hll>l,...,|7j|>l 

Since a^. > 0, Lemma 1.2 from [24 implies 

, I7I >i 

and, consequently. 



r -1 
< z = l,...,n. 



We define the weighted left creation operators Wi : F^{Hn) F'^{Hn), i = 1, . . . ,n, associated with 
the noncommutative domain D^* by setting Wi := SiDi, where Si, . . . , Sn are the left creation operators 
on the full Fock space F'^{Hn). Note that 



(1.3) Wiea = J eg,a, a G F+, 

where the coefficients 6^'"'', a G F+, are given by relation (II. 2p . When necessary, we denote the weighted 
left creation operators (W^i , . . . , W„) associated with D™ by {W{ , ■ ■ ■ , Wn ). Using relation (|1.3p . one 
can easily see that 



Am) 



(1.4) Wj3ey — ej3y and W^ea = < 



^jj™^ 1 otherwise 
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for any a, /3 £ F+. According to Theorem 1.3 from [24], the weighted left creation operators Wi, . . . , Wn 
associated with D™ have the following properties: 

(i) J2kLi J2\i3\=k f^is^isWp < I, where the convergence is in the strong operator topology; 

(ii) {id — ^f^w)™' {I) = Pc, where Pc is the orthogonal projection from F^{Hn) onto CI C F^{Hn), 
and lim $ ? w (-^) = in the strong operator topology. 

Consequently, we deduce that {Wi , . . . , Wn) & D™(_F^(i/„)). In [21], we proved that the n-tuple 
{Wi,...,Wn) plays the role of universal model for the noncommutative domain D™. We also intro- 
duced ([29], [24]) the domain algebra ^„(D™) associated with the noncommutative domain D™ to be 
the norm closure of all polynomials in Wi, . . . , W„, and the identity. 

Following [19], [20], the noncommutative Hardy algebra F^(D™) was defined ([2^, [24]) as follows. 
Let (p{Wi, . . . , Wn) = J2i3£¥+ cpWjs be a formal Fourier representation such that J2pe¥+ I'^/^l^y^ 

where the coefficients fe^™"*, /3 G F+, are given by relation (|1.2p . Then J^p^w^ '^I3^l3{p) ^ F'^{Hn) for any 
p G V, where is the set of all polynomial in F^(iJ„). If, in addition. 



sup 

pev,\\p\\<i 



E 

seF+ 



cpWfsip) 



< oo. 



then there is a unique bounded operator acting on F^{Hn), which we denote also by ip{Wi, . . . , Wn), 
such that 

ip{Wl, . . . , Wn)p = J2 C/3W^^i(p): P^'P- 

The set of all operators i,5(W^i, W„) S i?(F^(iJ„)) satisfying the above-mentioned properties is denoted 
by f;?°(D™). We proved in [22 that the Banach algebra F^iDf) C B{F^{Hn)) is the sequential SOT- 
(resp. WOT-, w*-) closure of all polynomials in Wi, . . . , Wn, and the identity. 

In the particular case when m — 1 and q = Xi + ■ ■ ■ + X„, the algebras ^„(Dj) and F^(Dj) 
coincide with the noncommutative disc algebra An and the noncommutative analytic Toeplitz algebra 
F^, respectively, which were introduced in [19] (see also [20], [21]) in connection with a noncommutative 
von Neumann type inequality and have been extensively studied in the last two decades. For the classical 
von Neumann inequality we refer the reader to [37] , [33] , [H] , and [TB] ■ 

The joint spectral radius of an n-tuple T := (Ti, . . . , T„) G DJ-CH) is defined by 

r/(Ti,...,r„) := lim ||$J,^(/)|| 

fc— >oo ■' 

where $/,x : S(H) ^ B(H) is given by $/,x(>") := Er=i a^X^FX*, F € B(H). For each 

T := (Ti,...,r„) e D™(H) with r/(Ti, . . . , T„) < 1, we introduced (see [23]) the noncommutative 
Berezin transform at T as the map Br : B{F'^{Hn)) — > B{H) defined by 




{BT[g]x,y) :^ { \ I - y ]as,Al(E}T^\ (<? (g) ,„_y) / - ^ a^A^ «) T? | (l®a;),l®y 

V l"l>i 

where g G B{F'^{Hn)), ^f,m^T [(irf - $/,t)"(/)]^/^ and x,y e "H. We should add that the n-tuple 
(Ai, . . . , A„) is the universal model associated with the noncommutative domain Dj , where / = '^aZa 

and 5 := gi^, ■ ■ ■ gi^ denotes the reverse of a = gi^ ' ' ' gik G ^n- We remark that in the particular case 
when n = l,TO = l,/ = Z, ?^ = C, and T = A G D, we recover the Berezin transform of a bounded 
linear operator on the Hardy space H'^{p), i.e., 

Bx[g] = (1 - lAp) {gkx,kx) , g e i?(i?2(ID))), 

where k\{z) := (1 — Az)^^ and z, A e D. The noncommutative Berezin transform will play an important 
role in this paper. 
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The extended noncommutative Berezin transform Bt at T S D™(H) is defined by 
(1.5) Bt[3] := ® In)K^f':^\ 9 e B{F\H,,)), 

(m) 



where the noncommutative Berezin kernel Kj^j! : % F {Hn) ® Af^m.ri'H) is given by 



We recall that the noncommutative Berezin transforms By and B^ coincide for any n-tuple of operators 
T :— (Ti, . . . ,T„) G D™('H) with joint spectral radius rf{Ti, . . . ,r„) < 1. In the particular case when 
m — 1 and / — Xi + •• • + X„, the extended Berezin transform coincides with the noncommutative 
Poisson transform (see [21], [22]). 

Let T := (Ti, . . . , r„) be an n-tuple of operators in the noncommutative star like domain D™('H) and let 
S spanlVFa W^; a, {3 E Then there is a unital completely contractive linear map Bt ■ S — ?> B{7i), 
called the noncommutative Berezin transform at T on the operator system S, such that 

(1.6) 6T(g) = limB,T[5], 

1 — >i 

where the limit exists in the operator norm topology of BiJ-L), and 

Bt{W^W*p) = T„T|, a, /3 e F+. 
In particular, we have the following von Neumann type inequality: 



(1.7) 



Q,/9eA 



< 



for any finite set A C F+ and Ca,i3 G B{£), where £ is a Hilbert space. Moreover, the restriction of Bt 
to the domain algebra ^„(D™) is a completely contractive honiomorphism. 

After these preliminaries on noncommutative Berezin transforms, we are ready to introduce the class 
of free holomorphic functions on the noncommutative radial domain 0™^.^^^, with operator- valued coefli- 
cients. 

For < r < 1, we define the domain D™^('H) C i3('H)" by setting 

T>T,rm) := |(Yi, . . . , r„) e Binr ■■ (^Iy,, . . . , iy„^ e d7(h)| = rnf{n). 

Since D™(H) is a starlike domain, we have D™^('H) C T)y{7i) for any r E [0, 1). Consider the radial 
domain 

0<r<l 0<r<l 

Since, throughout the paper, 'DJ''{H) is assumed to be closed in the operator norm topology, we have 
D™,^^(-H)- = T>f{n). Note that the interior of T)J{n), which we denote by Int{T>J{'H)), is a subset 
of D™j.^j(H). In particular, if q is any positive regular noncommutative polynomial, then 



Int{T>\{n)) = Bl,,^{H) and /ni(Dj(H)) = DHH). 
A similar result holds, for example, for the domains D™('H) if m > 1 and / — X^ILi ^^iXi with > 0. 

Let f be a separable Hilbert space. A formal power series G := X]aeF+ ® C'(q), where C(a) E B{£), 
is called free holomorphic function on the noncommutative domain D™j.ad' "^itb coefficients in B{£), if 
its representation on any Hilbert space i.e., the mapping G : D™j.jjj('H) — > B{'H)®rninB{£) given by 



G(Xi 



fc=0 \ a\=k 



{Xi, . . . , Xn) E Dyj-^^CH), 
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is well-defined in the operator norm topology. The map G is called free holomorphic function on 
Dj*j.g^j('H). We remark that if m = 1 and / — Xi + ■ ■ ■ + Xn, then our definition coincides with 
the one for free holomorphic functions (see [23]) on the open unit ball of B{Ti)". 

Our first result is the following characterization of free holomorphic functions on the noncommutative 
domain 1)™^^^, with operator- valued coefficients. 

Theorem 1.2. Let G{Zi, . . . , Z„) :— J2ae¥+ ® Q") ^ formal power series with operator-valued 
coefficients C(q,) € B{£), and lefH he a separable infinite dimensional Hilbert space. Then the following 
statements are equivalent: 

(i) G is a free holomorphic function on the noncommutative domain 0™^.^^^^. 

(ii) For any r G [0, 1), the series 



G{rWi,...,rWn) ^ ^ rl"liy«®C(„) 

k=0 \a\ = k 



is convergent in the operator norm topology, where (Wi, . . . , Wn) is the universal model associated 
with the noncoi 
(iii) The inequality 



with the noncommutative domain D™. 



lim sup 



X/ Am) ^(a 



\a\=k ^' 



(;^^(a)C(a) 



< 1, 



holds, where the coefficients b^a^^ are given by relation (|1.2 

(iv) For any r e [0, 1), the series J2kLo J2\a\=k r^^^Wa <E) C^^ 

(v) For any {Xi,..., X„) G B'p^^^^{n), the series J2kLo J2\a\=k C(„) 



is convergent. 



is convergent. 



Proof Since (lVi,...,W„) € TyfiF^iHn)), the implication (i) 
{a) (Hi), we assume that 



(m) is obvious. To prove that 



lim sup 

k—>oo 



\a\ = k 



> 7 > 1. 



Then there is k as large as necessary such that 



i < r < 1 and \ct h £ £. Note that, using relation (|1.4p . we have 



> ^^'^ . Let r be such that 



^ rl^lW^(l)0C(^)/i 

l/3| = fc 



|/3|=fe 



„2fc 



T - 



1/2 



Cuj^GiB\h, h 



Hence, we deduce that 



\0\=k 



1/2 



> in)''- 



Since r7 > 1, the series ^ ^ r'^'pF^ (g) C(^) is divergent in the operator norm topology. 

k=o \p\=k 
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Now we prove that (iii) (iv). Assume that item {in) holds and let < r < p < 1. Then, we can 

find mo S N such that 



(1.8) 



7m 



\a\=k 



< I - 



2k 



for any k > toq. 



According to Lemma 1.1 from [24 and relation (|1.4p . the operators {W^}|^|^fc have orthogonal ranges 
and 



(m) 



-.Ml 



l/3| 



.m 1 1 1 1 ; 



where M\ 



|/3|,m 



I + TO - 1 
TO — 1 



Consequently, we have 



< 



Hence, and using relation (jl.Sp . we deduce that 



fc + TO — 1 
TO — 1 



for any fc = 0, 1, . 



k=0 



\p\=k 



oo 



r,(™) 
l/3|=fc ''^ 



1/2 



< 



OO 



E 

fe=o 



\P\=k "13 
k 



/c=0 



fc + TO — 1 
TO, — 1 



1/2 
1/2 



|/3|=fc 



1/2 



fc + TO- — 1 
TO — 1 



1/2 



< OO, 



which proves (iv). Since the implication [v) (i) is obvious, it remains to prove that {iv) =^ (w). 

To this end, assume that item [iv) holds and let [Xi . . . ,X„) G D™j.g^j('H). Then there exists r G (0, 1) 
such that (i^i, . . . , \Xn) G T)J{H) and, using the noncommutative von Neumann inequality (|1.7p . we 
deduce that 



E «) C*! 



(a) 



< 



a|=fc 



Hence, the series ^ 

fe=0 



is convergent and, therefore, item [v) holds. The proof is complete. 

□ 



We remark that the coefficients of a free holomorphic function are uniquely determined by its repre- 
sentation on an infinite dimensional Hilbert space. Indeed, let F : 'D'J'^^^{T-L) — > B{7i)(E)minB{£) be a 
free holomorphic function on ^^^.^^{T-L) with coefficients A(a) G B{£), a G F+. That is 

OO 

F(Xi,...,A„) =E E A")' 

k=0 \a\ = k 

where the series converges in the operator norm topology for any {Xi, . . . , Xn) G ^^^.^^{H). Let < r < 1 
and assume that F{rWi, . . . ,rWn) = 0. Taking into account relation (ll.4p . we have 

{F(rWi,...,rWn)(l<E>x),{W^<E,l£){l<E>y)) = ^ y) = 

for any x,y € £ and a G F+. Therefore ^(q) = for any a G F+, which proves our assertion. Due to 
this reason, throughout this paper, we assume that H is a separable infinite dimensional Hilbert space. 
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Let G{Xi, . . . ,Xn) ■= J2T=o^\a\=k-^a <Xi C(a) be a free holomorphic function on Dy^.^^CH) with 
coefficients in B{£). Note tliat if < ri < r2 < 1, then T)f^^^{n) C D^^^('H) and 

(1.9) ||G,,(W^l,...,W^„)|| < \\GrAWl,...,Wn)l 



where Gr{Wi 



.Wn) 



X^fclo X]|Q|=fe ^'"'^a ® C'(q); < r < 1, is convergent in the operator 



norm topology. Indeed, since (p{Wi, . . . ,Wn) ■— J2T=oJ2\a\=k'''2 ^{a) is in the tensor algebra 

Ani'DJ-)(S)minB{£) and {rWi, . . . ,rWn) G D™(F^(i/„)), the noncommutative von Neumann inequality 
(|1.7I) implies 

\\ipirWu...,rWn)\\ < \\ipiWi,...,Wn)\\, re [0,1). 
Taking r — in the latter inequality, our assertion follows. 



We also remark that, for each r e [0,1), the map G : Df^^CH) B{n) 



B{£) defined by 



G{Xi, . . . , Xn) :— X]fc°=o X]|Q|=fe ® ^(") i^ continuous in the operator norm topology and 

(1.10) ||G(Xi,...,X„)|| < \\G{rWi,...,rWn)\\, (Xi, . . . , X„) e D™ (H). 

Moreover, the series defining G converges uniformly on T)J''^{7i) in the same topology. Indeed, since 
GriWu ...,Wn)G An{T>f)^^,nB{£) and (i^i, . . . , iX„) e Bf 
tative von Neumann inequality (|1.7p . we obtain 

1 



-X„) e D'?'^('H), and using again the noncommu- 



(1.11) 
and 



|G(Xi,, 



-X, 



< \\GriWi,...,Wn 



fc=0 |a| = fe fe=0 |ct|=fc 

for any {Xi, . . . ,X„) G D™^(?^). This clearly implies our assertion. 



(a) 



As in the particular case m — 1 (see [25]), there is an important connection between the theory of 
free holomorphic functions on noncommutative domains D™rad' 5^ li ^-^d the theory of holomorphic 
functions on domains in C''([12J). 

Indeed, consider the case when H = and p = 1,2 ... . Then D™(C^) can be seen as a subset of 
C"^ with an arbitrary norm. We denote by /nt(D™(CP)) the interior of the closed set D™(C^). Note 
that IntCDfiCP)) are circular domains, i.e., (e*^Ai, . . . , e'^A„) e /ni(Dy'(CP)) for any (Ai,...A„) e 
/ni(D™(C^)) and 6* e M. In the particular case when p = 1, the interior /nf(D™(C)) is a Reinhardt 
domain, i.e., (e^^^Ai, . . . , e*''" A„) e Int(Df{C)) for any (Ai,...A„) G /n<(D™(C)) and ei,...9n G M. 

If is a compact subset in the interior of D™(Cp), then there exists r £ (0, 1) such that K C D™^(Cp). 

OO 

Given a free holomorphic function on 'DJ^j.^^{H) with scalar coefficients, F{Xi, . . . , A„) := S CaAo,, 

fe=0|a|=fe 

the results above show that 

1 

F(Ai,...,A„) CaK 

k=Q \a\=k 

for any (Ai, . . . , A„) S K. Consequently, X]fe=o S|Q|=fc CoAq converges to F(Ai, . . . , A„) uniformly on K, 
as q OO. Therefore, the map (Ai, . . . , A„) i— )■ -F(Ai, . . . , A„) is holomorphic on the interior of D™(C^). 
To record this result, let Mp denote the set of all p x p matrices with entries in C. 



OO 




^ E 




k=q+l 


a| = fc 



Corollary 1.3. If p e N and F{Xi, 



, X,„ 



= X X CaXa is a free holomorphic function on 

k=0 \a\=k 

D™j.g^j('H) with scalar coefficients, then its representation on C^, i.e., the map Fp defined by 

C"P' D Dy:,,d(CP) 9 (Ai, . . . , A„) ^ F(Ai, 
is a holomorphic function on the interior o/D™(CP). 



,A, 



e Mp c CP 
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2. NONCOMMUTATIVE DOMAIN ALGEBRAS AND HARDY ALGEBRAS 

We introduce the Hardy algebra H°°{'D^^.^^) and the domain algebra ACD™^.^^) associated with the 
noncommutative domain T)^^^^, m > 1. Using noncommutative Berezin transforms, we identify them 
with the noncommutative algebras i^^(D™) and .4„(D™), respectively. Hardy algebras of bounded free 
holomorphic functions with operator- valued coefficients are also discussed. 

Let us recall some definitions concerning completely bounded maps on operator spaces. We identify 
Mp{B{'H)), the set of p x p matrices with entries from B{'H), with B{'H^p'>), where 'H^p'> is the direct sum 
oip copies oiH. Thus we have a natural C*-norm on Mp{B{'H)). If X is an operator space, i.e., a closed 
subspace of B{H), we consider Mp{X) as a subspace of Mp{B{H)) with the induced norm. Let X, Y be 
operator spaces and u : X — >■ F be a linear map. Define the map Up : Mp{X) — >■ Mp{Y) by 

Up{[xij]) := [u{xij)]. 

We say that u is completely bounded if ||u||c6 ■— supp>]^ < oo. If \\u\\cb < 1 (resp. Up is an isometry 
for any p > 1) then u is completely contractive (resp. isometric), and if Up is positive for all p, then u 
is called completely positive. For more information on completely bounded maps, we refer to (TB], |17) . 
and [5]. 

According to |24| . if T :— (Ti, . . . ,T„) g D™(H) is completely non-coisometric (c.n.c) with respect to 
D™ i.e., there is no vector h E H, h 0, such that 

{^'}^j^{I)h,h) ^ \\h\\^ for any fc = l,2,..., 

then 

(2.1) 6t(G) SOT- limG,(ri,...,T„), G = G{Wu . . . ,Wn) E F^^iBf), 

r— >1 ^ 

exists in the strong operator topology and defines a map Bt ■ F^CDJ^) — ?> B{7i), called the noncommu- 
tative Berezin transform at T on the Hardy algebra i^^(D™), with the following properties: 

(i) Bt{G) — SOT- lim BrT[G], where B^t is the noncommutative Berezin transform at rT e 
D7(H); 

(ii) Bt is WOT-continuous (resp. SOT-continuous) on bounded sets; 

(iii) Bt is a unital completely contractive homomorphism. 

We remark that if T is a pure 7i-tuple of operators, i.e., SOT- limp_j.oo t^^) ^ then T is c.n.c. and 

Bt{G) = Bt[G] = /4"/(G ® /p^. ,„^)45, G e F^CDf ), 

where 'Df „i,T '■= ^f,m.T{T~L) and Bt is the extended noncommutative Berezin transform defined by 
relation (jl.Sp . In particular, if G{Wi, . . . , Wn) ■— Yl,a&+ '^aWa in the Hardy algebra F^(D™), then 

(2.2) G{Wi,. ..,Wn) = SOT- lim G,(W^i, . . . , Wn), 

where G,(iyi, . . . , W^„) := Brw[G] = Er=o Car-l"lM^„ and 

(2.3) ||G,(T4^i,...,W^„)|| < |lG(M/i,...,M^„)||, re [0,1). 
Moreover, we can prove that 

(2.4) ||G(VFi,...,W„)|| = sup \\GirWi,...,rWn)\\^ lim \\G{rWi,...,rWn)\\. 

0<r<l ""^l 

Indeed, if G{Wi,...,Wn) G F^fiBf)) and e > 0, then there exists a polynomial q € F'^{Hn) with 
||g|| = 1 such that 

||G(I^i,...,W„)q|| > ||G(W^i,...,W„)|| -e. 
By relation (|2.2p . there is ro S (0, 1) such that 

||G,„(I^1,...,W^„)(Z|| > ||G(I^i,...,I^„)|j -e. 
Combining this with the inequality (|2.3p . we obtain 

sup \\G{rWi,...,rWn)\\ ^ ||G(W^i, . . . , VK„)||. 

0<r<l 
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Since the function [0,1) 9 r — ^ ||G(rVFi, . . . , rW„)|| e is increasing (see relation ()1.9p '). we can 
complete the proof of our assertion. 

Now, we are ready to introduce the noncommutative Hardy algebra H°°{'DJ'^.^^). We denote by 
Hol{T)Yra,d) '-'f f^^® holomorphic functions on D™,.ad with scalar coefficients. Due to Theorem 

O if G e Hol{T)f^^^^), then G(rW'i, . . . , rW„) is in the domain algebra A„(D™) for any r G [0,1). 
Consequently, one can easily show that HolCDJ^j.^^) is an algebra. Let iJ°°(D™^jjjj) denote the set of all 
elements (p in Hol{T>Y^^^^) such that 

||<^||oo sup \\<p{Xi, . . .,Xn)\\ < oo, 

where the supremum is taken over all n-tuples {Xi, . . . ,X„) e ^^^.^^^{H) and any Hilbert space H. One 
can show that H^^CDy^^^) is a Banach algebra under pointwise multiplication and the norm || • |joo- 

For each p = 1, 2, . . ., we define the norms || • \\p : Mp (^H°°{'DJ'j.^^)j — > [0, oo) by setting 

||[-Fij]p||p := sup||[Fy(Xi,...,X„)]p||, 

where the supremum is taken over all ri-tuples {Xi, . . . , X„) g DJ^j.^^ and any Hilbert space H. It is easy 
to see that the norms p=l,2,..., determine an operator space structure on H°°(D'J'^^^), in the 

sense of Ruan (|R). 

Given g S F^CDy-), the noncommutative Berezin transform associated with the noncommutative 
domain D™ generates a function 

B[^] : G%,^in) ^ Bin) 

by setting 

B[^](Xi, . . . ,X„) := BxM, X := (Xi, . . . ,X„) e B^^H). 

We call B[(/3] the Berezin transform of tp. In what follows, we identify the noncommutative algebra 
F^(D™) with the Hardy subalgebra i?°°(D™j.^^) of bounded free holomorphic functions on D™j.^jj. 

Theorem 2.1. The map $ : H°° (DJ^^.^^) -> F^CDf) defined by 

\qGF+ / QGF+ 

is a completely isometric isomorphism of operator algebras. Moreover, if G := ^ c^Za is a free 

holomorphic function on the noncommutative domain D™^,^^, then the following statements are equivalent: 

(i) Gei?-(D™,,); 

(ii) sup \\G{rWi,...,rWn)\\ < oo, w/iere G(rW^i, . . . , rW„) Er=o EuNfc c^r-l"! W„; 

0<r<l ' ' 

(iii) there exists ip g F^(T)f) with G^B[ip]. 
In this case, 

$(G) = SOT-limG(rM/i,...,rW^„) and ^-\ip) ^ B[ip], ^ e F,^(D7), 



r^l 



where B is the noncommutative Berezin transform associated with the noncommutative domain D™. 
Proof. First we need to show that the map $ is well-defined. Let G € iJ°°(D™j,^j) and let 

oo 

G{Xi, . . . ,Xn) .— Y^ ^ CaXa, (Xi , . . . , X„) G Dj"j.j^(j('H), 

k=0 \a\=k 

be its representation on a separable infinite dimensional Hilbert space H. Since (rWi , . . . , rWn) G 

sup \\GirWi,...,rWn)\\ < ||G|U < oo. 

0<r<l 



FREE BIHOLOMORPHIC CLASSIFICATION OF NONCOMMUTATIVE DOMAINS 



13 



Hence, taking into account relation ()1.4|) . we deduce that 



I "I ,(m) 



for any < r < 1. Consequently, ^ \ca\ 



J2 ^'"'caW^a(i; 

aewt 

< sup ||G(rH/i,...,rH/„)|| < oo 

0<r<l 

< OO, which shows that G{Wi, . . . , Wn)p is in the full 



Fock space for any polynomial p e F^{H^). Now assume that G{Wi, . . . ,Wn) i F^(Df). 

According to the definition of F,^(D™), for any fixed positive number M, there exists a polynomial 
q e F2(iJ„) with = 1 such that 

\\G{Wi, . . . ,WrM > M. 
Since \\Gr{Wi,. . . , W^„)(l) - G{Wi, . . . , W„)(l)|| ^ as r ^ 1, we have 

\\G{Wi, Wn)q - Gr{Wu . . . , Wn)q\\ ^0, as r ^ 1. 

Consequently, there is ro € (0,1) such that || G^o [Wi , . . . , W^Jglj > Af , which implies || ( Wi , . . . , Wn)\\ > 
M. Since Af > is arbitrary, we deduce that 

sup \\G{rWi,...,rW„)\\ = oo, 

0<r<l 

which is a contradiction. Therefore, G{Wi, . . . , Wn) € F^(D™), which proves that the map $ is well- 
defined. Moreover, due to relation (jl.lOp . we have \\G{Xi, . . . , Xn)\\ < \\G{rWi, . . . ,rW„)\\ for any 
{Xi, . . .,Xn) e D"^('H). Using now relation (P^ . we deduce that 

|lG(VKi,...,VK„)|| = sup ||G(rVFi,...,rW„)|| = ||G||oo. 

0<r<l 



Therefore, $ is a well-defined isometric linear map. Moreover, relation (j2.2l) . implies 

$(G) =G(VKi,...,G™) = SOT- lim Gr{Wu . . . ,W„). 

We show now that $ is a surjective map. To this end, let (p :— J2ae¥+ ^aWa be in F^(D™). Then 
Z]QeF+ |cap7p^ < oo> which implies 



lim sup I X! 1"^° 

|a|=fc 



/c— ^oo 



< 1. 



Using now Theorem II. 2( we deduce that G{Zi, . . . , Z„) :— ^ CqZc is a free holomorphic function on 
the noncommutative domain Dj^^^^j. Due to inequalities and (|2.3p . we have 



||G(Xi,...,X„)|| < \\GirWi,...,rWn)\\ < \\G{Wi, 
for any {Xi, . . . , X„) e D™,.('H) and ?■ e [0, 1). Hence, we deduce that 



sup ||G(Xi,...,X„)|| < |lG(W^i,...,W^„)ll <«^: 

(Xi,...,X„)GD7;,^^(W) 

which proves that G g i/°°(D™j.j^jj). This shows that the map $ is surjective. Therefore, we have proved 
that $ is an isometric isomorphism of operator algebras. Using the same techniques and passing to 
matrices, one can prove that $ is a completely isometric isomorphism. 

Moreover, note that if X := {Xi, X„) e D"rad' ^^en G{Xi, X„) = J2T=o J2\a\=k ^aXa is con- 
vergent in the operator norm topology. Due to the properties of the noncommutative Berezin transform. 
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for any r € [0, 1), we have 



k=0 \a\=k 



k=0 



|a| = fe 



B 



X 



fc = |Q|=fc 



Recall that ||<y5r|| < ||<y5|| for any r E [0, 1) and ip — SOT- lim ipr- Passmg to the limit as r — > 1 in the 

r— »1 

equalities above, and using the continuity of the free holomorphic function G on 0™^.^^^, we obtain 
G(Xi , . . . , X„) = Bx [^] , X := (Xi , . . . , X„) e D^,,d- 

The equivalences mentioned in the theorem can be easily deduced from the considerations above and the 
properties of the noncommutative Berezin transform. The proof is complete. □ 

We denote by ^(D™^.^^^) the set of all elements G in Hol{'DJ-^^^) such that the mapping 

D?:,ad(^) 3 (Xi,...,X„) K^G(Xi,...,X„) e Bin) 

has a continuous extension to [D™j.^^('H)]^ = D™('H) for any Hilbert space H. One can show that 
j4(D™j,^j) is a Banach algebra under pointwise multiplication and the norm || • | 
identify the domain algebra .4„(D™) with the subalgebra ACDJ-^^^). 

Theorem 2.2. The map $ : A(DJ^^^^) An(DJ) defined by 



Moreover, we can 



is a completely isometric isomorphism of operator algebras. Moreover, if G := ^ CaZa is a free 

ae¥t 

holomorphic function on the domain 0™^,^^^, then the following statements are equivalent: 

(i) GeA(D™,,,),- 

oo 

(ii) G(rW^i, . . . , rWn) '■— Car^"^Wa is convergent in the operator norm topology as r ^ 1; 

k=0 \a\=k 

(iii) there exists cp G v/l„(D™) with G = B[<p]. 
In this case, 

$(G) = limG(rl^i,...,rVF„) and <t>-\ip) ^ B[ip], ^ e ^(D^), 
where B is the noncommutative Berezin transform associated with the noncommutative domain D™. 

Proof Assume that G £ A(D]]^^^). Since (rWi , . . . , rWn) £ T>f^^^^{F^{Hn)) for r G [0,1), we deduce 
that lim G{rWi, . . . , rWn) exists in the operator norm topology. Using the fact that G{rWi, . . . , rWn) 

r— f oo 

is in the domain algebra ^„(D™), which is closed in the operator norm topology, we have 

^ := lim G{rWi, rWn) S ^(D}"). 

On the other hand, due to Theorem 12. 1[ we deduce that ^(G) ^ CaWa is in F^^CDf) and 

qgf„ 



Therefore, we have 



$(G) = SOT- lim G{rWi, rW„). 



$(G) = = lim G(rPFi, . . . , rVK„) G A(D'; 
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and 

G(Xi, . . . ,X„) = lim Bx[G{rWi,. . . ,rW„)] = B^M, X (Xi, . . . ,X„) e Uf^^di'^). 

r— >1 '' ■ 

Here we used the continuity of the Berezin transform in the operator norm topology. 

Now, let (f £ yl„(D™) C F^CDJ-) have the Fourier representation ip — X)QeF+ ^aWa- Then, for any 
n-tuple(yi,...,r„)eD™(H), 

(2.5) G(Yi,...,r„) := limB,y[(^] = lim ^.(ryi, . . . , rr„) 

r— ^1 T—¥\ 

exists in the operator norm and 

||G(yi,...,y„)|| < ll^ll for any (Yi, . . . , y„) e D7(H). 
Note also that G is an extension of the free holomorphic function 

oo 

G(Xi,...,x„) = BxM = E E C"^- (^i,...,^„)GD;;:,,d(H). 

/c=0 \a\=k 

Indeed, if (Xi, . . . , X„) e Dy^^^^CH), then 

G(Xi,...,X„) = lim¥.(rXi,...,rX„) 

= limG(rXi,...,rX„) =G(Xi,...,X„). 

r— >1 

The last equality is due to the fact that G is continuous on D™rad(^)- 

Let us prove that G : D™(H) — > B{H) is a continuous map. Since (p € y^„(D™), for any e > there 
exists ro e [0, 1) such that \\ip — ip{rQWi, • ■ • , ?'oW^n)|| < £• Applying the noncomniutative von Neumann 
inequality to iy9 — iprg € yl„(D™) and using relation p.Sp . we deduce that 

(2.6) ||G(Ti,...,T„)-^,„(Ti,...,T„)|| < ^ - ^roW < | 

for any (Ti, . . . , T„) € D™(H). We recall that G is a continuous function on D™j.^|j('H). Therefore, there 
exists 6 > such that ^ 

\\Gro {Ti , . . . , T„) — Gro (Yi , . . . , F„) II < 2 

for any rt-tuple {Yi, . . . ,Yn) in D™ ('H) such that || (Ti — Fi , . . . , T„ — y„) || < 5. Hence, and using relation 
(|2.6I) . we have 

||G(ri, . . . ,T„) - G(ri, . . . ,y„)ll < l|G(ri, . . . ,t„) - ^ro{Ti, . . . ,t„)|1 

+ \\Gro{Tl, ■ ■ ■ ,Tn) — Gro(yi, . . . ,F„)| 

+ ||^,„(yi,...,y„)-G(ri,...,r„)|| <e, 

whenever |l(ri-yi,...,r„-r„)|j < S. This proves the continuity of G on Dy'(-H). Therefore, G € ^(D^*) 
and, moreover, we have 

$(G) = (^ and $-i((^)=BM, <f e An{Tff). 

Using now Theorem 12.11 we deduce that he map $ : ACDJ^^^^) — > ^„(D™) is a completely isometric 
isomorphism of operator algebras. The equivalences mentioned in the theorem can be easily deduced from 
the considerations above and the properties of the noncommutative Berezin transform. This completes 
the proof. □ 

Due to Theorem 12.21 and Corollarv ll.3[ we deduce the following result. 

oo 

Corollary 2.3. If p e N and F{Xi, . . . ,Xn) -—^2^2 CaXa is in ^(D™i.ad)i ihen its representation 

k=0 \a\=k 

on C, i.e., the map Fp defined by 

C"f' D Bf{CP) 9 (Ai, . . . , A„) ^ F(Ai, . . . , A„) e Mp c C^' 
is a continuous map on D^V-(C^) and holomorphic on the interior o/D7(C^). 
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We remark that one can obtain operator- valued versions of Theorem 12.11 and Theorem 12.21 which we 
summarize in what fohows. Let f be a separable Hilbert space. We denote by HolsiT)^^^^^) the set of all 
free holomorphic functions on the noncommutative ball Ti^^^^^ and coefRcients in B{£). Let H^^ (DJ-^^^^) 
denote the set of all elements F in HolsCD™^^^) such that 

||F||oo ■.^snp\\F{Xi,...,Xn)\\ < oo, 
where the supremum is taken over all n-tuples of operators (Xi, . . . ,X„) € D™j.j^^('H) and any Hilbert 
space H. The noncommutative Hardy space -ff|°(D™].ad) '^^^ ^e identified to Fjj"(D™)(g)i?(£), the weakly 
closed operator algebra generated by the spatial tensor product. More precisely, a bounded free holo- 
morphic function F on D™j.ad with coefRcients in B(£) is uniquely determined by its model boundary 
function F{Wi, . . . , W^„) G F^{T>J)®B{E) defined by 

F ^F{Wi,...,Wn) SOT- liTn F{rWu . . . ,rWn). 

Moreover, F is the noncommutative Berezin transform of F{Wi^ . . . ^Wn) at X := (Xi,...,^^) £ 
D-,,,(H), i.e., 

F(Xi,...,X„) = {■Bx®l£)[F{Wi,...,Wn)]. 
We denote by AgiTiY-tad) the set of all elements in HolgiYiYrad) such that the mapping 

D/:rad(^) ^{Xl,..., X„) ^ ^(Xi, . . . , X„) e Bin) 

has a continuous extension to [D™i-ad(^)]~ ~ for any Hilbert space T-L. One can show that 

A£{T)Yra.d) is a Banach algebra under pointwise multiplication and the norm || • ||oo- Moreover, we can 
identify the tensor algebra An(J^f)®minB{£) (the closed operator algebra generated by the spatial tensor 
product) with the subalgebra Ag(D™j.^jj). Since the proofs of these results are very similar to those of 
Theorem 12.11 and Theorem 12.21 we shall omit them. 

3. Compositions of free holomorphic functions 

In this section we present several results concerning the composition of free holomorphic functions on 
noncommutative domains D^j.^^^. These results are used, throughout this paper, to study free biholo- 
morphic functions. 

Let / be a positive regular free holomorphic function with n indeterminates and consider a free 
holomorphic function $ : D™j.^^('H) [B{'H.)(§)minB{y)]P . Then we have $ = ($i, . . . , $p), where each 
mapping $j : 'DJ-^^^{H) — > B{7i)^,ninB{y) is a free holomorphic function with representation 

oo 

fc=0 a£¥t,\a\=k 

for some 

■^(a) B{y), a e¥+. Assume now that 

$(X) e Bl.^An ® y) for any X e Bf,,^{n), 

where g is a positive regular free holomorphic function with p indeterminates, and I > 1. Consider a free 
holomorphic function F : rad(^) ^ B{K,)®rninB{£) with standard representation 

k=0 ae¥^,\a\=k 

for some bounded operators S B{£), a £ F+. Note that it makes sense to define the mapping 

^t..M) -> B{H)®„^^nB{y)®^^nB{£) by setting 

OO 

(i^^o<i>)(Xi,...,X„) ^ $„(Xi,...,X„)®A(,), (Xi,...,X„) eD;^,,d(^), 

^==0 QgF+,|a|=fc 
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where the convergence is in the operator norm topology. In what follows, we prove that o $ is a free 
holomorphic function on D™j.j^^(H) with standard representation 

oo 

fc=Oo-GF+,|CT|=fc 

where Ci^„) € B{y ® £) is defined by 



r 



for any cr G F+ and x,y & y ® £. 
First, we need the following result. 

Lemma 3.1. Let f and g be positive regular free holomorphic functions with n and p indeterminates, 
respectively, and let m,l>l. If ^ : DJ'^.g^^i'H) [B{'H)'S^minB{y)]P is a free holomorphic function, then 
ranged C 'Dg ^.^^CH (Ki 3^) if and only if 

$(rl¥i, . . .,rWn) e Dl,,^{F^{Hn) (g> y) for any r E [0, 1), 
where {Wi, . . . , Wn) is the universal model associated with the noncommutative domain D™. 

Proof. Since "H is a separable infinite dimensional Hilbert space and {rWi, . . . , rWn) € D™j.^jj(i^^(i7„)) 
the direct implication is obvious. To prove the converse, assume that $ = ($i, . . . , $p) is a free holo- 
morphic function on T>"/,^^{n) and <^{rWi, . . . ,rWn) € Dg.rad(^^(-f^«) ® 3^) any r £ (0,1). Let 
X {Xi, ...,Xn)he in BJ^^.^^iH) . Then there exists 7 e (0, 1) such that X e Bf^in). Since $ is 
a free holomorphic function on JDy^^^CH), for each j — 1, . . . ,p, the operator ^j{jWi, . . . ,7W„) is in 
Ani'D'f )i^minB{y) and there is s G (0, 1) such that 

(3.1) i$(7W^):= Q$i(7l^i,...,7W„),...,i$p(7Tyi,...,7W„)^ € T>'g{F\Hn) <E> y). 

This implies [id—^g k^{^w))^{-^) > for 1 < fc < /. Since $ = ($1, . . . , $p) is a free holomorphic function 
on D™j.g^jj('H), each $j(Xi, . . . , X„) is given by a series which is convergent in the operator topology and 
so is $j(7VF) G ^„(D™). Therefore, using the properties of the noncommutative Berezin transform, we 
have 

$„(X)$„(X)* - Bi;,[$„(7VK)$«(7W^)*] 

1 

for any X e D/".^('H) and a G F+. Since, due to ([HII]), {id ~ )'=(/) < / for 1 < fc < /, 

and using the fact that the noncommutative Berezin transform is a completely positive map which is 
SOT-continuous on bounded sets, we deduce that 



id - ^g,i^^x)) {I) = B 1^ {id - $g,i3,(^^))'^(/) 



> 0, 1 < fc < L 



Hence, we infer that (i</?i(Xi, . . . , X„), . . . , ^{pp{Xi, . . . , Xn)) G 0^(^(8)3^), which shows that the n-tuple 
{ipi{Xi, . . . , Xn), . . ■ , (pp{Xi, . . . , Xn)) is in D' .^^^(■H ® y). This completes the proof. □ 



The next result shows that the composition of free holomorphic functions with operator- valued coeffi- 
cients is a free holomorphic function. 

Theorem 3.2. Let f and g be positive regular free holomorphic functions with n and p indeterminates, 
respectively, and let m,l>l. Let F : D^^.^j(/C) B{K.)®B{£) and $ : 'D'f,^^{n) [B{'H)®„,,nB{y)Y 
be free holomorphic functions such that range 

* ^ ,.^dCH ® y). Then F o $ is a free holomorphic 
function on D^^^^{'H). If, in addition, F is bounded, then F o ^ is bounded and \\F o <i>||oo < ||^||oo- 
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Proof. Suppose that F has the standard representation 

oo 

F{Y,,...,Yp)^J2 E (n,...,rp)eD^^,,,(/c), 

where the convergence is in the operator norm topology. Let $ — ($i, . . . , where $i, . . . , $p are 
free holomorphic functions on D™j.^^(H) with coefficients in B{y), and the property that range $ C 
I-'g,rad(^ (g) 3^). Hcuce, we dcducc that 

oo 

(Fo$)(Xi,...,X„)-^ J2 $^(Xi,...,X„)0A(^), 

A:=0^gF+,|;3|=fc 

where $^ := • • • if /3 = • • • g^j, G F+, and the convergence is in the operator norm topology for 
any (Xi, . . . , X„) € Bf^^^^{n). According to LemmaO we have ^{rWi,. . . , rWn) € T>f^^^^{F^{H„)(x)y) 
for r g [0, 1). Taking into account that F is free holomorphic function on D™j,^j(/C), we deduce that, for 
each r £ [0, 1), 

oo 

(3.2) Qr:=Y. E ^p{rWu...,rWr,)<E,A^p^ 

is convergent in the operator norm topology. Since ^i{rWi, . . . ,rW„) is in the tensor algebra ^„(D™)®mi„ i? (3^) 
for each i = 1, . . . ,p, the operator Qr is in the operator algebra 

A,,{Bf)^^,nB{y ^£)c F,f (Df )^B{y ® £). 

Therefore, Mr has a Fourier representation J2kLo J2ae¥+ \a\=k <8) B(Q)(r), where _B(„)(r) e i?(3^ ® 
f ), a e F+, and 

oo 

(3.3) = SOT-lim^ ^ rl"l7l"lM^„ B(„)(r), 

^^=0 QeF+,|a|=fc 

where the series X]fc!Lo SaeF+ |a|=fc '''"'t'^'W^o ^ -B(Q,)(r) converges in the operator norm topology. 

Now, we show that the coefficients _B(Q,)(r), a £ F+, don't depend on r e [0, 1). Taking into account 
relations (13. 2p and (13. 3p . we have 

/ fe^") \ 

^}^Y1 E {A(0)X,z)l^{W*®Iy)^p{rW,,...,rWn){l®y)A®v') 

k=a fieri ,\p\=k \ / 

for any x,z G £, y,y' G 3^, and a E F+. On the other hand, for each /3 G F+, $^ is a free holo- 
morphic function on D™j.^j('H) with coefficients in B{y) and has a representation ^^(Xi, . . . , X„) = 
EZo EaeF+,|a|=fc^- '^'^(a) for (Xi , . . . ,X„) G Dy;^^d(H), whcrc Z?(„) G B{y). This implies 

-^(W^: ® /j;)$MrW^i, . . . , rPF„)(l y), 1 §5 y'\ - ^ 

^ / ba 

for any r G [0, 1), and ck,/3 G F+. Now, it is clear that B(a) '■= -B(q)('') does not depend on r G [0, 1). 
Now relation (13.31) becomes 



(3.4) Q,-SOT-hm^ ^ r^^^j^'^^W^^B^^^, 

k=Q a£¥+,\a\ = k 
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where the series J^kLo^aevt |a|=fc '''"'t'"'^" ^{a) converges in the operator norm topology, for any 
r, 7 G [0, 1). According to Theorem II .21 



fc=0 aeV„,\a\=k 

is a free holomorphic function on D™j.^j(H). Using the continuity of G in the norm operator topology 
and relations (|3.2p and (|3.4I) . we deduce that 



(3.5) Qr:=Yl E <f/3W,.-.,^W^n)® A/^) =E E 

fc=0 ,3eF+,|,3|=/c k=0 a£¥+ ,\a\=k 

for any r € [0, 1). 

Let X := {Xi, . . . ,X„) G D™ ^j(-H). Then there exists 7 e (0, 1) such that ^X e BJ{n). Applying 
the noncommutative Berezin transform at (^^1, • • • , ^Ar„) g D™(H) to relation p. 51) . when r := 7, we 
deduce that 

00 00 
(Foci>)(Xi,...,X„) = ^ ^ $^(Xi,...,X„)®^(^) ^ 

for any {Xi,. . . , X„) G D/'iadl"^)- This completes the proof. □ 

Now, we present results concerning the composition of bounded free holomorphic functions, with 
operator- valued coefficients, on noncommutative domains Dj^^^j, m > 1. 

Theorem 3.3. Let f and g be positive regular free holomorphic functions with n and p indetermi- 
nates, respectively, and let m,l > 1. Let F : Dg].ad(^) ^ B(JC)(E)minB{£) and <i> : D™j.g^j('H) ^• 
[B{'H)<^rninB{y)]P be boundcd free holomorphic functions. If F and $ have continuous extensions to the 
noncommutative domains D|^(/C) and D™('H), respectively, and range $ C D^('H (S) y), then F o $ is a 
bounded free holomorphic function on DJ^^^^iH) which has continuous extension to D™('H). 
Moreover, we have 

(a) ||Fo$||^ < ||F|U; 

(b) (Fo$)(A) = {Bx<»Iy(»£)[iB:^ (g) X e ByiH), where Bx, B^ are the noncommutative 

Berezin transforms at X and respectively; 

(c) the model boundary function of the composition F o ^ satisfies the equation 

= lim F(r$i, . . . ,r$p) = (Sj ® l£)[F], 

where the convergence is in the operator norm topology and B^ is the noncommutative Berezin 
transform at $. 

Proof. Let F have the representation 

00 

F{Y,,...,Yp):^Y. E YP^AP)' {Yu...,Yp)e-Dl,,^iJC), 

'==0/3eF+,|/3|=fe 

where the series converges in the operator norm topology. Since F and $ have continuous extensions to 
the noncommutative domains Dg(/C) and D™('H), respectively, the operator- valued version of Theorem 

O implies that F e ylp(D^)(g)„i„B(f ) and $ := is such that $j e An{'Df)^minB{y), 

j — l,...,p. Due to the properties of the noncommutative Berezin transform B^ and the fact that 
($i,...,$p) is in D^(F2(i7„)® j;), 

00 

limF(r$i,...,r$p)) = hm V V r^^^^p ® A^p-, ^ {B^ ^ l£)[F] 
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where the convergence is in the operator norm topology. Hence and due to the fact that An{'D'Y)'SiminB 
£) is closed in the operator norm, we deduce that lim^^i F(r$i, . . . , r$p) is in An{'DJ')iS)minB{y €5 £). 
If X G D™(H), then using the continuity of F,^, and the continuity of the noncommutative Berezin 
transform Bx in the operator norm topology, we obtain 



oo 



k=0 f;e¥+,\p\=k 
oo 

limV y r\'^\{Bx<»Iy)[^p]<S)A 

fc=0 flgF+ ifli^fc 



(/3) 



lim(Kx «) ly^s) I J2 '^''^'^'S ® A/3) 

'==O0GF+,[/3|=fc 



= {Bx <E) ly^e) lim ^ ^ rl^'$^ ® A(^) 

which proves part (b). Since {B^ G ^„(D™)(g)mi„i?(3^ (g) £), the operator- valued version of 

Theorem 12.21 shows that o $ is a free holomorphic function on D™j,^j('H) and continuous on D™('H) 
and its model boundary function satisfies the equation 

?^r$ = limF(r$i,...,r$p) = {B^ (g) l£)[F], 

which proves part (c). Part (a) is now obvious. The proof is complete. □ 

We recaU that an n-tuple T := {Ti,...,T„) £ T)J{H) is pure if SOT- limfe^oo $/,t W = 0' 'where 
$/,T : B{H) Bin) is the positive linear map defined by $/,t(^) = T,'^=iT,\a\=k(^aTaXT*, where 
the convergence is in the weak operator topology. We define 

^tpuroim := {(Xi, . . . ,X„) e Bf{n) : (Xi, . . . ,X„) is pure}. 

Note that Bf^^.^^{n) C D7;p,,^,„(H) C T>f{n). 

Lemma 3.4. Let f and g be positive regular free holomorphic functions with n and p indeterminates, 
respectively, and let m,l > 1. Let ipi £ _ff°°(D™), i — l,...,p, be such that ijj := [ipi, . . . ,ipp) is in 

Dg p^j.p(_F'^ (_/?„)), where ipi £ i^^(D™) is the model boundary function. Then 
for any X := {X,, . . . ,X„) G Bf^^^M- 

Proof Taking into account that if := {^i, . . . ,^p) £ p^,.,(F2(ff„)) and X := (Xi, . . . , X„) £ Bf^^^jn), 
and using the properties of the extended noncommutative Berezin transform, we deduce that 

Hence, we obtain 

^iMx)iI) = -(/) <E> Ln)K^;:l k £ N. 

Since M) < I for any fc G N and SOT- hmfe^o^ r(I) ^ 0, we deduce that 

which shows that ip{X) is pure. □ 
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Theorem 3.5. Let f and g be positive regular free holomorphic functions with n and p indeterminates, 
respectively, and let m,l > I. Let F : Dj^,.^d(^) ^ B{JC)®rmnB{£) and $ : 'DJ^^^^{'H) ->■ B{H)p be 
bounded free holomorphic functions. If the model boundary function ^ is a pure n- tuple in D^(F2(7J„)), 
then the map 

(F o $)(X) := SOT- lim F(r$i(X), . . . , r$„(X)), X G Bf (H), 

is a bounded free holomorphic function on E)^^^j.^^('H). Moreover, we have 

(a) ||^^o$||^ < ll^^ll^; 

(b) {Fo^){X) = {Bx^Ie) {(^5 ® h)[F]Y X e Dy^p^j.^^), where Bx, are the noncommutative 

Berezin transforms at X and respectively; 

(c) the model boundary function of the composition _F o $ satisfies the equation 

fTi = SOT- lim F(r$i, . . . , r^„) = (% (g) l£)[F], 
where is the noncommutative Berezin transform at 
Proof. Let F have the representation 

oo 

fe=0,3gF+,|/3|=fc 

where the series converges in the operator norm topology. Since F and $ are bounded free holomorphic 
functions on the noncommutative domains 'D^g ^^^{IC) and DJ^^^^CH), respectively, the operator- valued 

version of Theorem 1 2. II implies that F £ F^f {'Dg)(^B{£) and $ := (<i>i, . . . , <I>p) is such that G 
F^CDJ'), j = 1, . . . ,p. Due to the properties of the noncommutative Berezin transform and the fact 
that (<i>i, . . . , <i>p) is a pure n-tuple in Dg(F^(i/„)), we have 

oo 

(3.6) SOT- lim^ F(r$i,..., r$p)) = SOT- Imi^ ^ r'^l^^ «) A(^) = (Sj ® 

k=0 ,\l3\ = k 

Hence and due to the fact that F.^ {'DJ-)(E)B{£) is closed in the strong operator topology, we deduce that 
SOT-lim^^iF(r$i,...,r$p) is in F^{T>J)®B{£). If X e D™p^,.^(-H), then Lemma EH implies that 
($i(X), . . . , $p(X)) is a pure n-tuple of operators in Dg('H). Consequently, as in the proof of Theorem 
13.31 using the continuity of the noncommutative Berezin transform Bx hi the strong operator topology 
(see (|2.ip ). and relation (|3.6I) . we obtain 

(F o $)(X) = SOT- lim F(r$i(X), . . . , r$„(X)) 

r— ^1 

oo 

= SOT- lim ^ ^ rl'3|$^(X)(8)A(^) 
[iev^ ,\p\=k 

= iBx(E>l£){{B^®l£)[F]}, 

which proves part (b). Since (Sj (g) /£ ) [F] € F^{DY)®minB{£), the operator- valued version of Theorem 
l2.2l shows that Fo$ is a free holomorphic function on D™j,^j('H) and its model boundary function satisfies 
the equation 

= SOT- lim F(r$i, . . . , r$p) = (Bg, ® l£)[F], 
which proves part (c). Part (a) is now obvious. The proof is complete. □ 
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4. Free biholomorphic functions and noncommutative Cartan type results 

In this section wo obtain noncommutative Cartan type results for formal power series in several non- 
commuting indeterminates, which leave invariant the nilpotent parts of the corresponding domains. These 
results are used to characterize the set of all free biholomorphic functions F : 'DJ-{'H) DgCH) with 
-F(O) =0. As a consequence, we determine the free holomorphic automorphisms of the noncommutative 
domain DJl^ad which fix the origin. Several other consequences concerning the biholomorphic classifica- 
tion of noncommutative domains are obtained. 

An n-tuple of operators (iVi, . . . , Nn) £ BCH)"" is called nilpotent if there is p e N := {1, 2, . . .} such 
that Na = for any a € F+ with \a\ = p. Define the nilpotent part of the noncommutative domain 
T>f{H) by setting 

D/:„ii(^) := {(^'i, ■■■,N„)e T>f{n) : (iVi, . . . , N„) is nilpotent}. 

For simplicity, throughout this paper, [Xi, . . . , X„] denotes either the n-tuple {Xi, . . . , X„) G B{'H)'^ 
or the operator row matrix [Xi ■ ■ ■ X„] acting from the direct sum of n copies of a Hilbert space 

n, to n. 

Theorem 4.1. Let f be a positive regular free holomorphic function with n indeterminates and let 1. 
Let Hi, . . . , Hn be formal power series in n noncommuting indeterminates Zi, . . . , Z„ of the form 

Hi{Zi, ...,Zn):=Y,J2 GC, i = l,...,n. 

fe=2 |c«|=fe 

If 

F{Zi, . . . , Zn) := {Z\ + Hi{Zi, . . . , Zn), . . .,Zn + Hn{Zi,. . . , Zn)) 

has the property that 

F(D'/:,ii(H)) c D7:„i,(H) 

for any Hilbert space H, then 

F{Zi, . . . , Zn) = {Zi, . . . , Zn). 

Proof. Assume that there exists a e F+, |a| > 2, and i G {1, . . . , n} such that a^^ ^ . Let p > 2 be the 

smallest natural number such that there exists ao G F+, |q:o| = p, and io € {1, . . . ,n} such that aag^ ^ 0. 
Then F has the form F = {Fi, . . . , F„), where, for each i = 1, . . . ,n, 

Fi{Zi, ...,Zn) = Zi + Hi{Zu ...,Zn) and Hi{Zi,. ..,Zn)=J2 • ■■,Zn) 

where G^*"* (Zi, . . . , Z„) := X]|Q|=fe ""^-^a fo'^ each k > p and i € {!,..., n}. Note that, for each i € 
{1, . . . , n}, Gp o F is a power series and 

(G« o ...,Zn)=Yl ■■■,Zn) = GW(Zi, ...,Zn) + K^lr{Zi, Zn), 

\a\=p 

where Kp^i is a power series containing only monomials of degree > p+1 in its representation. Therefore, 
F o F is a power series and 

{F O F){Z,, ...,Zn) = {Z,, ...,Zn)+ (2G«(Zi, ...,Zn),..., 2G(")(Zi, . . . , Zn)) 

+ [K^^iZi, ...,Zn),.. . . . . , Zn)) . 

Iterating this process and setting F^ := {F o ■ ■ ■ o F), N € N, we deduce that 

^ V ' 

N times 

F'^iZ,,. ..,Zn) = {Z,, ...,Zn)+ (iVGW(^l, ■■■,Zn),.. .,NG(^'\Z,, Zn)) 
+ (^Ep+l{Zl, ■ . ■ , Zn), . . . , E^-^{Zi, . . . , Zn)) , 
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where, for each i = 1, . . . ,ri, -Ep^i is a power series containing only monomials of degree > p + 1 in 
its representation. Let M C F^{'Hn) be the linear span generated by e^, where a S F+ with \a\ < p. 
Note that Ai is an invariant subspace under W* , . . . , W* . Using the definition of the weighted shifts 
Wi , ■ ■ ■ , Wn associated with the noncommutative domain D™ , we deduce that 

^[G^p\PMWi\M,-.-,PMWn\M)]* 
M, - ■■ iPMWn\M)Y 

for any a e F+ with \a\ > 2, and N = 1,2, . . ., where Pm is the orthogonal projection from F'^{Hn) 
onto M.. We recall that {ea}^fz¥+ standard orthonormal basis for F'^{Hn)- Since, for any a G F+, 

|a| =p, 













(4.1) 


[F''{PmWi\m,- 


■ ■ ,PMWn\M)]*ea = 












w* 





if a = ao 



otherwise 

and Gp \ i = 1, . . . , n, are homogeneous noncommutative polynomials of degree p and jaol = we have 

'[G^p\PMWi\M,---,PMWn\M)]* 



(4.2) 



[G'p'\PMWi\M,---,PMWn\M)Y 



-Ml 



> 



> 0. 



Assume that ao = ffjTOi where j = 1, . . . , n and 70 G F+, I70I = p — \. Then, due to relation (|1.4|) . we 



have W*eag — /=t^7o ^^'^ ^i^ao — fo^' * 7^ J- Hence and using relation (|4.ip . we deduce that 



(4.3) 



'70 



F'^PMWi\M,---,PMWn\ 

A^)*eQoll for any iV G 



On the other hand, since {PmWi\m, ■ ■ ■ , PMWn\M) is a nilpotent n-tuple in D™(A^) and due to the 
hypothesis, we have F^ {PmWi\m, ■ ■ ■ , PmWuIm) Q D™jjj[(A^). Applying inequality (jl.ip we obtain 

||^^'^(/'A^W^l|.M,.-.,i'.MW^n|A4)ll < 



miTi{y^ : \a\ = 1} 

for any N E N, where Oq are the coefficients of / = E|a|>i '^a"'^"- ^® recall that ttc > if |a| = 1. 
Hence and using relation (|4.3p . we deduce that 



(m) 



, (rn) min{^/a^ : \a\ = 1} 



for any G N, which, due to (|4.2p . is a contradiction. This completes the proof. □ 
In what follows, if L := [aij]nxn is a bounded linear operator on C", we use the matrix notation 

Cn n \ 

OiiXi, • • • , flinAi ] . 
1=1 1=1 / 

Theorem 4.2. Lei / and g be positive regular free holomorphic functions with n indeterminates and 
let m,l > 1. Let F — (Fi,...,i^„) and G = (G'i,...,G„) be n-tuples of formal power series in n 
noncommuting indeterminates such that 

F(0) = G(0) = and FoG = GoF = id. 



If F{T>f^^.^(n)) = „ii(-H) for any Hilbert space H, then F has the fc 

F{Zu...,Z^) = [Zi,...,Z„]C/, 



orm 
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where U is an invertible bounded linear operator on C". 

Proof. Since F{0) = 0, F has the representation F ~ {Fi, . . . , F„), where each Fj is a power series with 
scalar coefficients, having the form 

n 

(4.4) F,(Zi, . . . , Z„) = Yl ""k^Zk + . . . , ^„), 

fe=i 

and ^2'''' is ^ power series of the form \['2''^ (Zi, . . . , Z„) = X])^2 S|a|=p '^"^ ^ Similarly, 

G — (Gi, . . . , G„), where each Gj is a power series, having the form 

n 

(4.5) Gj(Zi, . . . , Z„) = ^ + r^^'^(Zi, . . . , Z„), 

fc=i 

and is a power series of the form T2\Zi, . . . , Zn) — X]^2 S|q|=p ^"^^ai ^q?^ G Consider the 
matrices U :— [aij]nxn and B := [&ij]rixn. Using the representations (j4.4p and (|4.5p . we deduce that 
(GoF)(Zi,...,Z„) 

n n 

E ^^■i^:'- + ^2'^ (^^1 , . . . , K) , . . . , E ^^"^^^ + 1^2"^ (i^i , • • • , ^^n) 



n / n 



,i=i \fc=i / 3=1 \k=l 



n 



E b.ji-^''i\z,, z„), . . . , E &,n*^'^(^i, • . • , ^n) + (r^'^(i^i, . . . , F„), . . . ,r^")(Fi, . . . , i^^„ 

,.7=1 j=i ; 

= [Zi,...,Z„]C/B+ (a^'^(Zi,...,Z„),...,A^"^(Zi,...,Z„)) , 

where , i = 1, . . . , n, are power series containing only monomials of degree > 2 in their representations. 
Since (G o F){Zi, . . . , Z„) = (Zi, . . . , Z„), we deduce that UB = /„ and A^^'^(Zi, . . . , Z„) = for j = 
1, . . . ,n. Similarly, since {F o G){Zi, . . . , Z„) — {Zi, . . . , Z„), we can prove that BU — /„. Therefore U 
is an invertible operator on C". Note that 

Fe{Z,, . . . , Z„) := e-''F{e''Zi, e'^Z„) 
is a power series, for all 6* G R. Due to relation (|4.4p . we deduce that 
e t [e Zi,...,e Z„) 

Cn n \ 

E dkiZk + e-*^*^'^(e'^Zi, . . . , e'^Z„), . . . , ^ + e-''*^"He^'Zi, . . . , e^' Z^) 

k=l k=l ) 

Note that 

(4.6) i/(Zi, . . . , Z„) G (e-^«F(e*«Zi, . . . , e'^Z„)) 

is a power series with -ff (0) = 0. Taking into account the representations of the power series involved in 
the definition of iJ, calculations as above lead to 

i7(Zi,...,Z„) = [Zi,...,Z„][/B+ ($(')(Zi,...,Z„),...,$^")(Zi,...,Z„)) , 

(7) 

where $2 j J — 1, . . . , n, are power series containing only monomials of degree > 2 in their representations. 
Note that if (iVi, . . . , Ar„) e TiJ^^^{U), then (e^^A^i, . . . , e'^A^„) G Tif,^^^{U) for 61 e R, and due to 
relation F{T>f^^.^{H)) = D^^^jjCH), we deduce that F(e**Afi, . . . , e**A^„) € D^ ^jiCH). Consequently, 
e*^F(e'''A^i, . . '.,e"^N„) G „ii(-H) which together with relation G(D'g^^.^(n)) = H'l^-^iU) show that the 
formal power series H{Zi, . . . , Z„) := G (e~*^F(e'^2'i, . . . , e*^Z„)) has the properties that H{0) — and 
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Now, since UB = /„, we can apply Theorem l4.1l to the power series H to conclude that H{Zi, . . . , Z„) = 
{Zi, . . . , Zn)- Hence, taking into account that G o F — id and due to relation (|4.6p . we obtain 

e'''F(Zi,...,Z„) = F(e'«Zi,...,e'«Z„) 
for any 6* G K. Using the representations given by (|4.4[) . the latter equality implies 

aO)e'»l"l = e'^a^f') for any 6 eR, 
where a G F+ with \a\ > 2, and j = I, . . . ,n. Hence, = and, consequently, 

Cn n \ 

fe=l fc=l / 

The proof is complete. □ 

Let / and g be positive regular free holomorphic functions with n and q indeterminates, respectively, 
and let TO, Z > 1. A map F : 'DfiU) D^(-H) is called free biholomorphic function if F is a homeomor- 
phism in the operator norm topology and -F|d™ ^{n) ^^'^ -^^^Id' .^CH) ^^^^ holomorphic functions 
on D™j.j^jj('H) and DgiadC^)' respectively. In this case, the domains D™(?^) and Dg('H) are called free 
biholomorphic equivalent. We denote by i?i/i(D™,Dg) the set of all the free biholomorphic functions 
F : BJ{n) Ti^gin). 

As in the particular case m = I — 1 (see [29], [2]), there is an important connection between the theory 
of free biholomorphic functions on noncommutative domains and the theory of biholomorphic functions 
on domains in C'^([12]). Let fli, be domains (open and connected sets) in C*. If there exist free 
holomorphic maps ip : fli ^ ^2 and ip : n2 ~> such that ip o ^ = idn^ and ^ o ip — idui i then fii and 
are called biholomorphic equivalent and Lp and ij} are called biholomorphic maps. 

Theorem 4.3. Let f and g be positive regular free holomorphic functions with n and q indeterminates, 
respectively, and let m,l,p > 1. If F : BfiH) -> 'D'^giH) is a free biholomorphic function, then n — q 
and its representation on , i.e., the map Fp defined by 

C"P" D T>f{CP) 3 (Ai, . . . , A„) ^ F{Ai, . . . , A„) g D^(Cf ) c C^" 

is a homeomorphism from D™(C^) onto Dg(CP) and a biholomorphic function from /ri^(D™(C)) onto 
Int{B'g{CP)). 



Proof. The fact that Fp is a homeomorphism from D™(Cp) onto Dg(C'°) is due to Theorem 12.21 and 
Corollarv l2.3l Moreover, from Corollarv l2.31 we also have that Fp and {F~^)p are holomorphic functions 
on /nt(D^(CP)) C C"^^ and /nf(D' (C^)) C C^^, respectively. Now, since Fp is a homeomorphism from 



D^(CP) onto D' (C^), a standard argument using Brouwer's invariance of domain theorem [4 shows that 



Fp is a biholomorphic function from Jrii(D™(CP)) onto Int{'Dg{CP)) and n = q. This completes the 
proof. □ 



We remark that under the conditions of Theorem 14.31 when p — 1, the sets Ini (D™(C)) C C" and 
Int{'Dg{C)) C C'' are Reinhardt domains which contain 0. According to Sunada's result [32], we deduce 
that there exists a permutation a of the set {1, . . . , n} and scalars /ii, . . . , > such that the map 

) G Int{-D'g{C)) 

is a biholomorphic map. It would be interesting to see if there is an analogue of Sunada's result for our 
noncommutative domains. 

Corollary 4.4. Let f and g be positive regular free holomorphic functions with n and q indeterminates, 
respectively, and let m,l,p > 1. If n q or there is p € {1,2,...} such that /nt(D™(CP)) is not 
biholomorphic equivalent to /nt(Dg(C)), then the noncommutative domains D™('H) and Dg('H) are not 
free biholomorphic equivalent. 
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Let / = J2\a\>i o-aXa be a positive regular free holomorphic function and fix ci, . . . , c„ > 0. Define 
9 J2\a\>idaXa by setting := if \a\ > 1, where c := (ci,...,c„) and c" := • • • when 

^ — 9ii ' ' ' 9ik ^ ''^n ■ It easy to see that g is also a positive regular free holomorphic function. Note that 
the noncommutative domains D™('H) and D™(?^) are free biholomorphic equivalent. Indeed, the map 
A : T)f{n) D^(H) defined by A{Xi, X„) := {ciXi, c„X„) is a free biholomorphic function. 
Therefore, by rescaling variables, we obtain free biholomorphic equivalent domains. 

In what follows, we characterize the set BihoCDy, D^) of all free biholomorphic functions F : D™('H) 

'Dg{'H) with F{0) = 0. We use the notation {Wi^\ . . . , Wr/^) for the universal model associated with the 
noncommutative domain D™ . Here is the main result of this section. 

Theorem 4.5. Let f and g be positive regular free holomorphic functions with n and q indeterminates, 
respectively, and let m,l > \. A map F : D™('H) — >■ Dg('H) is a free biholomorphic function with F{0) = 
if and only if n — q and F has the form 

F(Xi,...,X„) = [Xi,...,Xn]U, (Xi,...,X„) gD7(H), 

where U is an invertible bounded linear operator on C" such that 

[Wi^\. . . , e U'g{F^{Hr,)) and [wi'\ . . . , W^^^p-^ € Bf{F^{H^)). 

Proof. Assume that F : D™('H) — > Dg(H) is a free biholomorphic function with F{0) — 0. According to 
Theorem 14. 3[ we must have n = q. Then F has a representation F = {Fi, ...,_?"„), where Fj is a power 
series with scalar coefficients, having the representation 

n 

F,(Zi, . . . , Z„) = J2 "kjZk + •^i'\Zi, . . . , Z„), 
fe=i 

and ^'2"'^ is a power series of the form '^2\Zi^ ■ ■ ■ ^ ^n) — Y^=.-iYli\a\=p^"^ '^a- ^^^^ t° 

that if (A^i,...,iV„) e Dy^„ii(-H), then i^(iVi, . . . , iV„) e D^„ii(-H). Similarly, one can show that 
^"'(D^,„i,(H)) C TiJ,^,,{n). Therefore, we have F(Dj;„ii(H)) = ^^^^M)- Applying Theorem i^l 
we deduce that . . . , Z„) = [Zi, . . . , Z„][/, where IJ is an invertible bounded linear operator on 

C". Since F : T>f{n) D^(-H) is a free biholomorphic function, {rWy\ . . .,rWi^^) € 'Df.^J'H), and 
irWi^\. . . ,rW^i^^) e D^_^^d(H), we deduce that 

[rWy\ . . .,rWy'^]U e Dl{F^{Hn)) and [rW['\ . . . , rW^^'^p-' G DJ{F^Hn)) 

for any r G [0,1). Since the domains D^(i^^(_ff„)) and D™(F^(_ff„)) are closed in the operator norm 
topology, and taking r — ?> 1, we obtain the assertion of the theorem. 
Conversely, assume that F has the form 

F(Xi,...,x„) - [Xi,...,x„][/, (Xi,...,x„) eD;;^(H), 

where U is an invertible bounded linear operator on C" such that 

(4.7) [Wy\...,Wj/^U eBliF^iHr,)) and [w['\ . . . ,Wi'^p-' -DfiF^H^)). 
Define the free holomorphic function G by setting 

G(yi,...,y„) = [yi,...,y„]t/-\ (yi,...,y„) e d^(h). 

It is clear that F and G are continuous functions in the operator norm topology. Moreover, note that 
-^Id^^^jCH) and F~^\jji ^^-^^ are free holomorphic functions on D™j.^j('H) and Dgj-adC^)' respectively. 
Since FoG = GoF = id, it remains to show that 

F{'Df{n))CB'g{n) and G(D^(H)) C D7(H). 

To this end, let (Xi, . . . , X„) e Bf{n) and fix r e [0, 1). Then (rXi, . . . , rX„) e D';;^,^d(H) C Gf^^^^in) 
and, due to the dilation theorem from [M] there is a separable infinite dimensional Hilbert space Ai such 
that 

(4.8) rX* ^ {Wy^* (g> lM)\n, i = l,...,n. 
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where "H is identified with a co-invariant subspace of F (Hn) ® M under the operators Wi ® Im, ■ ■ ■ , 
Wri <8) Im- Let U := [aji] be the matrix representation of the invertible operator from relation ()4.7|) . 
Setting Li J2k=i o-kiWl^^\ i — 1, . . . , n, the first part of relation (|4.7p implies 

(4.9) (id - <f>,.L)'(/F^(ff„)»Al) = E(-l)'' (0 Kl^ilFHH^)<^M) > 0, 

where L := (Li (g) /^vi, . . . , L„ (8) ^ai)- Note that each $g l(/f2(h„)®a^) is given by a series which is 
convergent in the weak operator topology and, due to condition (|4.8I) . we deduce that 

*g,F(rXi,...,rJf„)(^w) = -Pw^g.L (ff„ )®.M ) l« , p = 0, 1, . . . , Z. 

Combining this relation with inequality (I4.9p . we obtain (id — *I'g.F(rXi,....rX„))'(-^'H) ^ Oi which shows 
that F{rXi, . . . ,rXn) € Dg('H) for any r e [0,1). Since Dg('H) is closed in the operator norm topol- 
ogy and F{rXi, . . . , rXn) — r[Xi, . . . , Xn]U, we deduce that [Xi, . . . , Xn]U € Dg('H) for any n-tuple 
(Xi, . . . , Xn) e DfiU). This proves that F(D™(-H)) C D|,CH). Similarly, one can prove the inclusion 
G(D'g{n)) C D™(-H). This completes the proof. □ 

We denote by Aut(DJ) := Bih{'Df,'Df) the set of all free biholomorphic functions of T)J{n). Due 
to Theorem 13. 3[ Aut(D™) is a group with respect to the composition of free holomorphic functions. As 
a consequence of Theorem 14.51 we obtain the following characterization of AutoCDJ-), the subgroup of 
all free holomorphic automorphisms of D™(H) that fix the origin. 

Corollary 4.6. Let f be a positive regular free holomorphic function with n indeterminates and let 
m > 1. A map ^I' : D™('H) — > D™('H) is a free holomorphic automorphism with 4'(0) ^ if and only if 
it has the form 

*(Xi,...,x„) = [Xi,...,Xn]u, (Xi,...,x„) eD7(H), 

where U is an invertible operator on C" such that 

[VFi,...,W„]C/eD7(F2(iJ„)) and [Wi, . . . ,Wr.]U-^ E BfiF^Hr,)), 
and {Wi, . . . , Wn) is the universal model associated with the noncommutative domain Dj*. 

Now, we can characterize the unit ball of B{T-L)^ among the noncommutative domains D™(?^), up to 
free biholomorphisms. 

Corollary 4.7. Let g be a positive regular free holomorphic function with q indeterminates and let I > 1. 
Then the noncommutative domain Dg('H) is biholomorphic equivalent to the unit ball [B{7i)^]i if and 
only if q — n and there is an invertible bounded linear operator U € i3(C") such that 

[Si,...,Sn]U eB'giF^Hn)) and [wi'\ . . . ,W,[a'>]U-^ E [B{nr]^ , 
where Si, . . . , Sn are the left creation operators on the full Fock space F'^{Hn). 

Proof. Let p Xi H h X„ and recah that Di(-H) = [^(-H)"]^- Assume that F : T)l{H) D^CH) 

is a free biholomorphic function. Due to Theorem 14.31 n = q and the representation of F on C, i.e., the 
map Fi defined by 

C" D Di(C) 9 (Ai, . . . , A„) >^ F(Ai, . . . , A„) E 0^,(0) c C" 

is a homeomorphism from Dp(C) onto Dg(C) and a biholomorphic function from /rii(Dp(C)) = [B{7i)'^]i 
onto Int{'Dg{C)). Consequently, zq :— F{0) E B„, the open unit ball of C". According to Theorem 2.3 
from [30], there is a free holomorphic automorphism 'i'^a of the open unit ball [B{'H)^]i such that 
'^zo{zo) = 0. Moreover, ^'^^ has a continuous extension to the closed ball [B{H)^]i which is a homeo- 
morphism of [B{'H)"]i . Then, according to Theorem 13.31 the composition 'i'^o ° F : T)g{H) — Dp('H) is 
a free biholomorphic function with the property that {'^zq ° F){0) — 0. Applying now Theorem 14.51 we 
find an invertible bounded linear operator U E i?(C") such that 

[5i,...,5„]C/gD;,(F2(7J„)) and [wi'\ . . . M'^U'' E [B{ny\ , 
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and such that (^-^^ oi^)(Xi, . . . , X„) = [Xi, . . . , Xn]U ioi all {Xi, . . . , Xn) G D^(?^). The converse foUows 
easily from Theorem 14.51 □ 

We remark that in the particular case when / = 1 we will get a more precise result in the next section 
(see Corollary 15. 3p . 

In what follows we use again the interaction between the theory of functions in several complex variables 
and our noncommutative theory to obtain some results on the classification of the noncommutative 
domains D™('H), m > 1. 

Theorem 4.8. Let f and g be positive regular free holomorphic functions with n indeterminates and let 
m,l > 1. Assume that there is p' G {1, 2, . . .} such that the domains IntCD^ {C^ )) and Int{'Dg{C^ )) are 
linearly equivalent and all the automorphisms of Int(T>^{<CP )) fix the origin. 

Then the noncommutative domains D™('H) and Dg('H) are free biholomorphic equivalent if and only 
if there is an invertible bounded linear operator U G _B(C") such that 

. . . , W^y)]C/ G D;,(i^2(iJ„)) and [W^'K W^f^U-' G Df{F\H,,)). 

Proof. Since the domains /rii(D™(CP )) and Int{'Dg{'CP )) are linearly equivalent, there is a biholomor- 
phic function ip : Int{T>J{U>' )) /nt(D^(CP')) such that (^(0) = 0. Suppose that F : BfCH) T>g{n) 
is a free biholomorphic function. According to Theorem 14. 3[ n — q and the representation of on , 
i.e., the map Fp> defined by 

C"P" D BfiCP') 3{Ai,.. . , A„) ^ F{Ai, . . . , A„) e B'g{CP') c C"p'" 

is a biholomorphic function from /nt(D™(CP )) onto Int{'Dg{CP )). Consequently, ip^^ o Fpi is an auto- 
morphism of IntiBfiCP')). Due to the hypothesis, we have {(p~^ o Fp,){0) = 0. Therefore, Fp,{0) = 0, 
which obviously implies F{0) = 0. Applying now Theorem 14.51 the result follows. The converse is due to 
the same theorem. The proof is complete. □ 

Using Thullen characterization of domains in with non-compact automorphism group ( j34j ) and 
Theorem 14.51 we can obtain the following classification result for noncommutative domains generated 
by positive regular free holomorphic functions in 2 indeterminates. We recall that Thullen proved that 
if a bounded Reinhardt domain in has a biholomorphic map that does not fix the origin, then the 
domain is linearly equivalent to one of the following: polydisc, unit ball, or the so-called Thullen domain. 
Combining this result with Theorem 14.81 we obtain the following consequence. 

Corollary 4.9. Let f and g be positive regular free holomorphic functions with 2 indeterminates and let 
m,l > 1. Assume that the Reinhardt domains /nt(D™(C)) and /n<(D^(C)) are linearly equivalent but 
they are not linearly equivalent to either the polydisc, the unit ball, or any Thullen domain in C'^ . 

Then the noncommutative domains D™('H) and Dg('H) are free biholomorphic equivalent if and only 
if there is an invertible bounded linear operator U G -B(C^) such that 

[wi^'\w^^^]U G D^(F2(iJ2)) and [wi'\w^'^]U-^ G T>J{F^H2)). 



5. Free biholomorphic classification of noncommutative domains 

The main result of this section shows that the free biholomorphic classification of the noncommutative 
domains D™('H) C -B(H)" is the same as the classification of the corresponding noncommutative domain 
algebras v4„(D™) ~ ACDJ'j.^^). Combining this result with the Cartan type results from Section 4, we 
provide several consequences concerning the free biholomorphic classification. 

Let / and g be positive regular free holomorphic functions with n and q indeterminates, respectively, 
and let m,l > 1. According to Theorem 12.21 there is a completely isometric isomorphism 

^(D/:rad) 9 X ^ X := lim xirW^ . . . , rM^„) e AniBf), 

j! r^l •' 
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where the hmit is in the operator norm topology, whose inverse is the noncommutative Berezin transform 
B, i.e., x(^) = Bx[x] for any X e T>]],,AH). If $ -.^ACD^.^^) ^ ^(0^,,,^) is a unital algebra 
homomorphism, it induces a unique unital homomorphism $ : ^„(D™) — ?► AqCDg) such that the diagram 

B 

is commutative, i.e., $B = B$, where B is the appropriate noncommutative Berezin transform on the 
noncommutative domain algebra An,(D™) or AqCDg) (see relation (|1.6p ). The homomorphisms $ and $ 
uniquely determine each other by the formulas: 

[$(x)](X)=Bx[$(x)], X G ^(D^rad), ^ e D^_,,d(^), and 

$(x) = ^(x), xe-4„(D^). 

We recall that i?jft,(D™,Dg) stands for the set of all biholomorphic functions from D™('H) onto Dg('H), 
i.e., all homeomorphisms (p : D™('H) — > Dg('H) with the property that <p|d™ ^ch) and 93~^|d' j(-h) are 
free holomorphic functions. Let $ be a unital completely isometric isomorphism from the noncommutative 
domain algebra ^(D™^,^^) onto A^D^ ^.^^). Consider the closed operator systems in B{F'^{Hn)), 

Sf := spari{W^y)M^y^*; a,(3e ¥+} and Sg := spaSlW^s) W^^'*; a,(3e ¥+}, 



where (wi^\ . . . , W^^) and iwi''\ . . . , M^i^^) are the universal models of the noncommutative domains 
D™ and D^, respectively. We say that $ has completely contractive hereditary extension if the induced 

isomorphism $ : ^„(D™) AqCDg) has the property that the linear maps $* : 5/ — > Sg and (<&~^)* : 
Sg ^ Sf defined by 



(w^y)pFy)*) := S (W^y)) S (W^y')* , a,/3 e F+, 



and 



respectively, are completely contractive. Using an approximation argument, one can easily show that 
o ($~^)* = idsg and (3""^)* o = idsf Consequently, the map : 5/ — )■ Sg is a unital com- 
pletely isometric linear isomorphism between operator systems, which extends the completely isometric 
isomorphism $ : A„(D^) Aq{'D''g). 

Now, we are ready to prove the main result of this section. We show that the free biholomorphic 
classification of the domains D™('H) is the same as the classification, up to unital completely isometric 
isomorphisms having completely contractive hereditary extension, of the corresponding noncommutative 
domain algebras A(Df^^^^) ~ X(D™). 

Theorem 5.1. Let f and g be positive regular free holomorphic functions with n and q indeterminates, 
respectively, and let m,l > 1. Then the following statements are equivalent: 

(i) 4' : A(D™j,^j) ^(Dgrad) unital completely isometric isomorphism with completely con- 
tractive hereditary extension; 

(ii) there is ip E i?ift,(Dg,D™) such that 

^{x) = Xo^, xeAiBf^^^^). 

In this case, ^'(x) = ^vIxIj X € .A„(D™), where is the noncommutative Berezin transform at p. 
In the particular case when m = I = 1, any unital completely isometric isomorphism has completely 
contractive hereditary extension. 
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Proof. Let X]QgF+ |q|>i ^^Xa be the representation of /. First we prove that (i) 



(a). Assume that 



4' is a unital completely isometric isomorphism. Then, the induced map 'I' : yl„(D™) AqCDg) is a 
completely isometric isomorphism. Denote 



(5.1) 



where W'--^'^ :— (W^ , . . . , Wn ) G D™(i^^(i7„)) is the universal model of the noncommutative domain 
Bf. Since < /, we have W = Er=i E|a|=fc ""^l"! W^i^V^^* < / and e 

5/ for any r G [0, 1). Using relation (|5.ip and the fact that 4' is a completely isometric homomorphism, 
we deduce that < < / for r e [0, 1), which proves that rip :— {ripi, . . . ^ripn) & Dj(i^^(i?„)). 

Since Dy(F^(iJ„)) is closed in the operator norm topology, we deduce that if e Dj(i^^(i?„)). 

We recall (see Corollary 1.5 from [23]) that ii ip is a positive linear map on B{H) such that < I 
and [id — if))™ {I) > for some m £ N, then 

0<{id- i^ni) < {id - ?A)™"^(/) <---<{id- 'ip){I) < I. 

Since Bf is a starlike domain, {rWi, rWn) € T>f{F'^{Hn)), i.e., {id - <i>f^rW(f ))"'{!) > 0- Using the 
above-mentioned result in our setting, we have 

< {^d-^f^^^,ny{I) = ^(-1)^ ('] $^,,,^„,(/) = / - (') '^'f,rwir>il) < I 



for any s = 1, . 
(5.2) 

Since 



, m, which is equivalent to 



s = 1, . . . , m. 



fc=l |Q|=fe 



^^,,H'(,)(/)|| < 1 for any p G N, it is clear that (/) e Sf := spanjl^y V^^'; a,/3 G F+}. 



and II $5 

Assume now that 5* : A^DYmd) ~^ ^(^g rad) satisfies condition (i). Then, due to the considerations 
above, relation (|5.2p holds and implies 



{I) 



< 1. 



Using relation (|5.ip and the fact that 5', : 5/ — > 5g is a unital completely contractive linear map, we 
deduce that 



p-^r' (;) '^UiD 



< 1, 



Hence E;=i(-1)^+' U P/.-^^^^ " ^ consequently. 



(id-$/,,^)^(/) > 0, 

which shows that rip := {rpi, . . . ,r(^„) G T>f{F'^{Hn)) for any r e [0, 1). Since T)J{F'^{Hn)) is closed 
in the operator norm topology, we deduce that p := (i^i, . . . , i^„) is in the noncommutative domain 



Setting 



ipt{X) Bx[(pi 



X G Dium, 



and due to Theorem 12. 2[ we deduce that the map (p{X) :— {pi{X), . . . ,pn{X)) is a free holomorphic 
function on Dliadl^) with continuous extension to D' ("H). This extension is also denoted by ip. On 
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the other hand, since, for each s = l,...,m, {id — ^f^ripYil) is a positive operator in Sg and the 
noncommutative Berezin transform Bx on the operator system Sg is positive, we deduce that 

for aU s = 1, . . . , m. Consequently, r(p{X) E D™('H) for r e [0, 1). Since 'D'J'{H) is closed in the operator 
norm topology, we deduce that (p{X) E D™('H). Therefore, (p takes values in Dj'('H). Note also that due 
to the properties of the noncommutative Berezin transform Bx on the operator system Sg (see relation 
(|1.6I) ). we have 

(5.3) ip,{X)=Bxm], XE-D'g(H). 
Similarly, we set 

(5.4) l:^^-\W^^'^)EAn{B"/), * = l,...,g, 
and deduce that ^ := (^i, . . . , ^q) is in D^(F^(_ff„)). Now, if we define 

e;(X) := Bxill X E T^^^^iH), * = 1, . . • , g, 

then, using again Theorem l2.21 we obtain that the map ^{X) :— {^i{X), . . . , ^g{X)) is a free holomorphic 
function on 'DJ-^.^^{H) with values in 'Dg{H) and continuous extension to D™('H), which we also denote 
by ^. Note that 

(5.5) UX)^Bx[l], XEBfin), 

where Bx is the noncommutative Berezin transform on the operator system Sf. Now, due to Theorem 
12. 2[ each E yt„(D™), i — 1, . . . ,q, has a unique Fourier representation J2a£¥+ CaWa^ such that 



r— ^1 ^ — ' ^ — ' 

fc=0 

where the limit is in the operator norm topology. Hence, using the continuity of ^ in the operator norm, 
and relations (|5.4p and (|5.ip . we obtain 



(9) 



$(6) = * I limE E c^r-I^IW^y) 



= lnnE E Corl"l$(W^y)) = limE E 

fc=0 |a| = fe k=Q\a\=k 

Consequently, using the continuity in the operator norm of the noncommutative Berezin transform at 
X E D' ("H) on the operator system Sg, and relations (|5.3p and (|5.5p . we have 



X, = Bx[W^'^] = Bx 



hmY] Carl"li^a 

r— !-l — ' ^ — ' 

k=0 \a\=k 



,J™iE E Carl"ISx[<?a] = Inn^ ^ c„rl"l<^„(X) 

fc=0|Q|=/c fc=0|a|=fc 



r-fl 



lim B^(^x) 

fc = |Q|=fc 

=6(¥'(^)) 

for each i = 1, . . . ,q, and any X e Dg('H). Hence o i^)(X) — X for all X E Dg(H). Similarly, one 
can prove that {ip o ^)(X) — X ioi X E D™('H). Therefore, : Dg('H) D™('H) is a homeomorphism 
such that and (p^^ :~ ^ are free holomorphic functions on the noncommutative domains lad(^) ^'^'^ 
'Df.^^iH), respectively. This shows that (p E Bih(D''g,'Df). 
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Now let X € -4n (Dy^) have the Fourier representation X]^g]p'+ da Wk". Then 



OO 

r— >1 — ^ ^ — ' 

k=0 \a\=k 

where the limit is in the operator norm topology. According to Theorem 12. 2[ the map 
(5.6) x{X) := Bx[x\, XeBfin), 

is in the domain algebra A{'D'J'^^^). Due to the continuity of the homomorphism ^ in the operator norm 
and using relation (IS.ip . we have 

OO 

$(X) = lim^ ^ d.rl"!^,. 

fc=0 |a|=fc 

Hence, using relations (|5.3p . (|5.6p . and applying the noncommutative Berezin transform at X E Dg(?^) 
on the operator system Sg and using its continuity in norm, we get 

OO 

[^{x)]{X)=Bx[^{x)] = limE E rfa^'"'^x[^a] 

r^-l ^ — ' ^ — ' 
fe=0 \a\=k 

OO 

= hm V V d„rl"l^„(X) 

r^l — ' — ' 

fe=0 |Q|=fc 



= lim B^i^x) 

fc=0 |a|=fc 

= e^(x)R] = (x°^)(^) 

for any X e Dg('H), which completes the proof of the implication (i) (ii). 

To prove that (ii) (i), assume that (yS e _Bi/i(Dg,D™) and define ^(x) X^f foi' X ^ ^(■'-^/'rad)- 

First note that, due to Theorem 13.31 x° 'P ^ ^(^g rad) ^'^^ X G A(D™j,^j), and is a well-defined 
completely contractive homomorphism. A similar result can be deduced for the map A(x) '■= x ° 'P~^i 
X e ^(Dg,rad)- ^o-vf, note that, for any x e ^(D™rad) and X £ T>J(K), we have (Ao5')(x) = {xoif)oif-^ 
and 

[(X o ^) o - (x o ip){v-\X)) = hm x(r^i(¥'~'(^)), • ■ • , r^ni^-^X))) 

= linix(?'^i,--.,r-X„) x(^i,---,-'^n), 

r— >1 

where the convergence is in the operator norm topology. Hence, A o = id. Similarly, we can show 
that o A = id. Since 5' and A are completely contractive homomorphisms, we deduce that ^ is 
a completely isometric isomorphism. Moreover, since (p := ((pi, . . . , (p„) e BihilD^gjlDy), we can use 
Theorem 12.21 and deduce that ip :— {ipi, . . . ,ipn) & By{F^{Hn)) and ipi £ y^,(Dg). Consequently, using 
the noncommutative von Neumann inequality (|1.7p . we deduce that the linear map 

Sf 3 W^W^/^* ^ ^^^l e 5„ a, /3 e F+, 

is completely contractive. A similar result can be deduced for iy9~^. Therefore, 5' has completely con- 
tractive hereditary extension, and item (i) holds. Moreover, due to Theorem l3.31 we have 4'(x) = 'Bi^KJ? 
X £ -4,1 (D™), where B^ is the noncommutative Berezin transform at ^. 

Now, we consider the particular case when ra = I = 1. Let : y^„(Dj-) — ?> AqiTi]^) be a com- 
pletely isometric isomorphism. Then, we showed at the beginning of this proof that p :— {pi, . . . , £ 
D^(F^(iJ„)), where (pi are given by relation (|5.1|) . Similarly, we deduce that ^ := {£,1, ■ ■ ■ ,£,q) is in 
Dg(i^ ^(iJ„)), where are given by relation (|5.4p . As above, using the noncommutative von Neumann 
inequality ()1.7p . we deduce that has unital completely contractive hereditary extension, which com- 
pletes the proof. □ 



FREE BIHOLOMORPHIC CLASSIFICATION OF NONCOMMUTATIVE DOMAINS 



33 



Corollary 5.2. Let f and g be positive regular free holomorphic functions with n and q indeterminates, 
respectively. Then the noncommutative domains Dj(H) andT)g{H) are free biholomorphic equivalent if 
and only if the domain algebras ^„(Dj) and Aq(Dg) are completely isometrically isomorphic. 

Let us consider an example. In [2], Arias and Latremoliere showed that ii u := Xi + X2 + X1X2 
and ^ := Xi + X2 + \{XiX2 + then the noncommutative domain algebras ^2(0^) and ^2(D|) 

are not completely isometrically isomorphic. Therefore, according to Corollary 15.21 the noncommutative 
domains Til^iW) and D|('H) are not free biholomorphic equivalent. 

Now, using Theorem l4.3[ Corollarv l5.2[ and Arias-Latremoliere characterization of the noncommutative 
disc algebra An (see Theorem 4.7 from [2]), we deduce the following classification result. 

Corollary 5.3. Let g be a positive regular free holomorphic function with q indeterminates. Then the 
noncommutative domain D^(?^) is biholomorphic equivalent to the unit ball [B{'H)"]i if and only if q ^ n 
and g = ciXi + • • • + c„X„ for some Ci > 0. 

Proof Let p := Xi-\ h X„ and recall that DliV.) = Due to Theorem and Corollary 

15.21 Dg('H) is free biholomorphic equivalent to the unit ball [5(7^)"] 1 if and only ii q = n and the domain 
algebras An and ^„(Dg) are completely isometrically isomorphic. Applying Arias-Latremoliere result, 
the result follows. The converse is obvious by rescaling. □ 

Corollary 5.4. Let f and g be positive regular free holomorphic functions with n and q indetermi- 
nates, respectively. Let ^' : ACDJ^j.^^) — >■ ^(D^ j.^^^^) be a unital algebra homomorphism. Then ^ is a 
unital completely isometric isomorphism having completely contractive hereditary extension if and only 
if is a continuous homeomorphism such that the n-tuples of operators {'9 {W^ ),..., {Wn j) and 
{"^'^(W^^^), . . . ,ii-\W^^^)) are inHJiF^iHn)) andT>'g{F^{Hq)), respectively. 

Proof. The direct implication follows from the proof of Theorem 15.11 Conversely, assume that is a 
continuous homeomorphism such that ("i' (W^'^'' ) , . . . , '^{Wn'^'')) is in D™(F^(iJ„)). Due to the noncom- 
mutative von Neumann inequality (see (jl.7p ). we have 

II [*(p,;,(l^|^\ . . . , W^(/)))]fc><fc|| = II [K,(^I(W^(^'), . . . , 

for any operator matrix [pij{wl^'^\ . . . ,Wn'^^)]kxk G A„(D™) (g) Mkxk and fc > 1. Since is contin- 
uous on yl„(D™), which is the norm closed algebra generated by Wi'^\ . . . ,Wn'^^ and the identity, we 
deduce that : y^„(D™) ^ is a unital completely contractive homomorphism. Similarly, if 

{"^^^{Wi^^), . . . , ^~-^(Wg^^)) is in T>g{F^{Hq)), we can prove that is a unital completely contractive 
homomorphism. Therefore, is a complete isometry. Moreover, using the noncommutative von Neu- 
mann inequality (|1.7p . we deduce that 5* has completely contractive hereditary extension, and complete 
the proof. □ 



We denote by Aut(Df) Bih(Df,'Df) the automorphism group of T>f{n). The group of ah 
unital completely isometric automorphisms of the noncommutative domain algebra A(D™j.^jj) is denoted 
by Autci{A(T>y-^^^)). We also use the notation Autl^{A{'Dy-^^^)) for the set of ah automorphisms 4' e 
AutciiACDJ-^.^^)) having completely contractive hereditary extension. 

Corollary 5.5. Let f be a positive regular free holomorphic function with n indeterminates, and let 
m > 1 . Then the following .statements are equivalent: 

(i) * g AutUAi'D^.d)); 

(ii) there is (p G AutCDy) such that 
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Consequently, Aut*^{A(T)Y^^^)) is a subgroup of Autci{A{'DYriid)) ^'^'^ 

^<,(A(D}%)) ^ Aut{J^Y). 

In the particular case when m = 1, 

AutUA{J^),,^)) = Aut,,{A{J^l,^^)) Autip}). 

We mention that in the particular case when m — 1 and / = Xi + • • • + Xn, CoroUary 15.51 was 
obtained in |30| using different methods. In addition, we used the theory of characteristic functions for 
row contractions (see [18]) to determine the group Aut[B{H)^]i) of ah free holomorphic automorphisms 
of [B(n)"]i. It was shown that ~ Awt(B„), the Moebius group of the open unit ball 

B„:={AeC": ||A||2 < 1}. 

If vj/ ; A(D™j.^^) — > ^(Dgrad) ^ uuital Completely isometric isomorphism having completely con- 
tractive hereditary extension, then due to Theorem 15. 1[ ^'(x) = X ° X G ^(■'-'/'rad)' some 
(f e i?ift.(Dg, D™). In this case, we call ip the symbol of 5*. Using Theorem 14.51 and Theorem 15. 1[ 
we can deduce the following result. 

Theorem 5.6. Let f and g he positive regular free holomorphic functions with n and q indeterminates, 
respectively. A map ^ : A{T)Y-cad) ~^ ^(-'-'g rad) '-^ unital completely isometric isomorphism having 
completely contractive hereditary extension and such that its symbol Lp fixes the origin if and only if n = q 
and is given by 

for some ip G Bih{'D''g,'D^) of the form 

ip{Xi,...x„)^[Xi,...,x„]U, (Xi , . . . , x„) e B^,,^ (H) , 

where U is an invertible operator on C" such that 
In this case, we have 

[$(w^i^^'), . . . , ^(wif-y)] = p = [w['\. . . , wi^^p. 

We mention that, in the particular case when m = 1 = 1, Arias and Latremoliere proved (see Theorem 
3.18 from [2j) that if there is an completely isometric isomorphism between two noncommutative domain 
algebras vAn(Dj) and AniJ^\) whose dual map fixes the origin, then the algebras are related by a linear 
relation of their generators. Our Theorem 15.61 implies and strengthens their result and also provides a 
converse. 



6. Isomorphisms of noncommutative Hardy algebras 



In this section we characterize the unitarily implemented isomorphisms of noncommutative Hardy 
algebras associated with noncommutative domains. Similar results are deduced for noncommutative 
domain algebras. 

Let / and g be positive regular free holomorphic functions with n and q indeterminates, respectively, 
and let m, Z > 1. According to Theorem 12. 1[ there is a unital completely isometric isomorphism 

H^i'Dlr.d) 9 X ^ X := SOT- hm x(rW^i, • • ■ , rW^„) € F^{TiJ), 

where the limit is in the strong operator topology, whose inverse is the noncommutative Berezin transform 
B, i.e., x(^) = Bx[x] for X G TSj.^^iU). If : iJ°°(D™ ^ i?°°(D^^^^d) is a unital homomorphism, 
it induces a unique unital homomorphism ^ : F^^iY)™) — > F^°°(Dg) such that the diagram 



B 

^""(D/^rad) 



K-(D 



^°^(Di.ad) 
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is commutative, i.e., ^PB = B^, where B is the appropriate noncommutative Berezin transform on the 
Hardy space F^(D™) or F^°°(Dg). The homomorphisms and 5* uniquely determine each other by the 
formulas: 

[^{X)KX) = Bx[$(x)], X e i?°°(D7:,,d), X G r>l,,^{n), and 

If ^ is is a SOT-continuous homomorphism, we say that 5* has the same property. 

A bijective map F : D™j.^^('H) — > 'Dg^.^^{'H) is called free biholomorphic function if F and F^^ are 
free holomorphic functions on Dy^^^{'H) and DgradC^)' respectively. We denote by ^*^(Dg rad' -'-'™rad) 
the set of all free biholomorphic functions from i-^dC^) onto D™j,^j('H). Note the difference between 
m(D^,,,d,D/:rad) and Bz/i(D^,D7). 

Theorem 6.1. Let f and g be positive regular free holomorphic functions with n and q indeterminates, 
respectively. If ip G BihCD^ ^^^,1)™^.^^), then the map 

is a completely isometric isomorphism from the Hardy algebra _ff°°(D™j.^j) onto H°° (D^ ^.^^) . If, in 

addition, the model boundary function ijj is a pure n-tuple, then 4' is sequentially SOT-continuous. 

In particular, if ip & ^*^(Dg,D™) and ?A(0) — 0, then ^ is a completely isometric isomorphism and 
has the form mentioned in Theorem 15.61 

Proof. Using Theorem 13.21 we deduce that x ° 4' ^ -^""('-'g rad) and ||x ° V'llcx) < llxlloo- Moreover, 
passing to matrices, we can similarly show that is a completely contractive homomorphism. In the 
same manner, one can prove that the map r(x) ■= X ° i^^^ is a completely contractive homomorphism 
from H^{T>\^^^^) to H^{T>1^^^). Let x e i?°°(Dj;^^J have the representation Y.Zo E|a|=fc Ca^a, and 
fix X := (Xi,...,X„) G D-,d(^). Since 4>-\X) G D-^,(H) and V'(D^,rad(^)) C D™^,(H) we 
deduce that 

oo 

fe = |Q|=fc 

where the convergence is in the operator norm topology. Since tj; G Si/i(D^ j.^^^, D^j.^^^), we have 
ipi{tp~^{X)) = Xi, i = 1, . . . ,n, and, therefore, tpa{ip~^{X)) = X^ for a G F+. Consequently, (ro^')(;\;) = 
X for any x € H°° (Dyj.^^) . Similarly, one can prove that $ o F = id. Summing up, we conclude that the 
map 4' is a completely isometric isomorphism of noncommutative Hardy algebras. 

If, in addition, we assume that is a pure n-tuple, then, according to Theorem 13.51 we have 

*(x) = *W = = B-r[x] = Ki^fix^Ir^HjKl^j, 

where is the noncommutative Berezin transform at the pure n-tuple ip (see relation (|2.ip ). Conse- 
quently, is SOT-continuous on bounded sets. 

Now, we prove the last part of the theorem. According to Theorem 14.51 if V' G S*^(Dg,D™) and 
ipiO) = 0, then n — q and ip has the form 

V^(Xi, . . . ,X„) - [Xi, . . . ,X„]f/, (Xi, . . . ,X„) G T)'g{H), 

where U is an invertible operator on C" such that 

[wi'\...,Wia^]Ue-Df{F^{H,,)) and [W^^\ . . . ,WP]U~^ G 0^,(^2 (i/„)). 

Hence, it is obvious that we have V(r-W^i^\ . . . , rW//') = riP{w['^\ . . . ,w}f^) G G]]^.^^{F^{H„)) and 

ip-^{rWl^^\...,rW^^^) = rV'~^(W^y\...,Wy^) G B'g^^.^^{F^{H„)) for any r G [0,1). Due to Lemma 

O we deduce that ^(D^,.,^) C D™.^, and ip-H^%:^) ^ D^rad- Therefore, V e i?*/i(D^_,^„ D™ 
Applying the first part of this theorem, we complete the proof. □ 
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We introduce now the set i?i/i(Dg p^^^,, D^p^.^,) of all bijections Lp : purg(?^) — >■ D™p^^g(?^) such that 
(h) ^^'^ '/'"^Id™ (n) are pure free holomorphic functions, i.e., their model boundary functions 
are pure, and (p and ip~^ are their radial extensions in the strong operator topology, respectively, i.e., 

V{X) = SOT- hm ^{rX), X e D;,.p,,,(H), 

and 

^-\X) = SOT- lim p>-\rX), X e T>l^^,,{n). 

Theorem 6.2. Let f and g be positive regular free holomorphic functions with n and q indeterminates, 
respectively. A map ^ : H°°{'Dy^^^) — > H°°{'Dg^^^) is a unitarily implemented isomorphism if and only 
if it has the form 

for some (p G Bih{'Dg p^j.^,'DJ-p^^^) with the property that (p is unitarily equivalent to the universal model 
{Wi^\ . . . , Wy^) associated with D™. In this case, 

where the noncommutative Berezin kernel K^"- is a unitary operator and dini2?y „j_^ = 1. 

Proof. Assume that the induced map 4" : F^(D™) — F^°°(D^) is a unitarily implemented isomorphism. 

Then, there is a unitary operator U G B{F'^{Hg), F^{H„)) such that $(x) = U*xU € -F,°°(D|,) for all 
X G F^fCDJ). Denote 

(6.1) $(W^y)) e F-(D;,), * = 

( f\ ( f\ 

Since ip := . . . , 93„) is unitarily equivalent to {Wi , . . . ,Wn ), which is a pure n-tuple in the non- 
commutative domain D™(i^^(i/„)), so is the n-tuple (p. Setting 

(6.2) ip,{X) := Bxm, X e D^,p,,,(H), 

and due to Theorem 12.11 and Lemma \3M the map 'p{X) :— {ipi{X), . . . ,ipn{X)) is a bounded free 
holomorphic function on Dgj-adC^) with values in DYpnTeC^)- Moreover, due to the properties of the 
noncommutative Berezin transform (see (|2.ip ). we have (p{X) = SOT-limr-yi ^{rX) for X g pure(^)- 
Similarly, we set 

(6.3) 6 $"'(W^i'^) e ^^r(D7), » = 

and using the fact that : F^°°(D|,) ^ F^{B"/) is given by $"^(0 = U(U* , F^(D^g), we deduce 
that ^ := (fi, . . . , ^q) is a pure q-tuple in Dg(F^(iJ„)). Now, if we define 

(6.4) ^,iX) := Bx[l], XeD7p,,,(H), z = l,...,g, 

then, using again Theorem 12.11 and Lemma [3.41 we obtain that the map ^{X) := {^i{X), . . . , ^n{X)) 
is a bounded free holomorphic function on 'DJ^^^^{'H) with values in T)g p^j.^{'H) and has the property 
that ^{X) = SOT-lim^^i^(rX) for X € D^p^^.^^). Now, due to Theorem O each e F^(D™), 
i = 1, . . . , q, has a unique Fourier representation J2aG¥+ CqM/q'^^ such that 

oo 

(6.5) I = SOT- lim V V c„rl"l W^^ ) , 

r^l ^ — ^ ^ — ^ 
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where the hmit is in the strong operator topology. Hence, using the continuity of ^ in the strong operator 
topology, and relations (|6.1|) and (|6.3|) . we obtain 



W/^) = $(^,) = $ I SOT-lim^ J2 Car-I"lwy) 

k=0 \a\=k 

= SOT-lim^ c„rl"l$(Wy)) = SOT-lim^ ^ c^r^^^lpa, 

fc=0|Q|=fc fc = |Q|=fc 

for any i = 1, . . . ,q. Consequently, applying the noncommutative Berezin transform at X G pure(^) 
on the Hardy algebra i^^(Dg), using its continuity in the strong operator topology on bounded sets and 



relations (|6^ . ([631) . we have 



x, = Bxm 



(s)i 



B 



X 



SOT- lim ^ 

fc=0 |a|=fc 



= SOT- lim ^ Y c„rl"lBx SOT- Ihn^ ^ c„rl"l^„(X) 

k^O \ a\^k k^O \a\^k 

oo 

= SOT-limS^(X) ^ ^ c„r'"IVKP 

fe = |Q|=fc 

= e^(x)K] = 6(^(^)) 

for each i = 1, . . . ,q, and any X £ D^ .p^^.^CH). Hence {^o(p)(X) — X for X e Dg^^^.^{'H). Similarly, one 



can prove that {ipo^){X) = X for X e 'DJp^^^{'H). Consequently, ip : Dj^ pm.j,(H) 



D 



/,puro 



CH) is a bijec- 

tion such that (p and (p^^ :— are free holomorphic functions on the noncommutative domain i.ad(^) 
and D™j.j^jj('H), respectively, and have the required properties. Therefore, ip e i?i/i(Dg p^^.^,, D^p^^.^,). 



Let X e F^{T>f) have the representation EaeF+ c^^W^a'''^- Then x = SOT- lim dar^^^W^ 



rU) 



k=0 

Due to relation (|6.ip and the continuity of ^ in the strong operator topology, we have 

oo 

= SOT- Ihn^ ^ dar-l"l^a. 

fc=0 \ a\=k 

!zii 

continuity on bounded sets, and relation (|6.2p . we get 



Consequently, applying the noncommutative Berezin transform at X e Ti^ ^^^.^{H), using its SOT- 



[^{X)KX) = Bxi^ix)] = SOT- hm V V d„rl"ISx[^a] 

r— )-l ^ — ^ ^ — ^ 

k^O \a\^k 

oo 

= SOT- lim V V dar^°'^'PaiX) 

k=0 \a\=k 



SOT- \miB^(x) 



k=Q \a\=k 

B^^x)[x] = {xo^){X) 



for any X G purc(^)j which proves the direct implication of the theorem. 

Conversely, assume that ip e Bih(Dg ^^^.^,1)™^^^^) and ip is unitarily equivalent to the universal 
model W^(/) := {W^^\ . . . ,wi^^). Define ^{x) X°^, X S i?°°(D™^^). First note that, due to 
Theorem l3.51 x°'f ^ i7°°(D^ for all x G -^°°(I^™iad)' ^'^'^ ^ is a well-defined completely contractive 
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homomorphism. A similar result can be obtained for the map A{() := C, o ^, C € H°°{T)^g Now, 
for any x & ■H^°°(D"rad) and X e D™p^^J-H), we have (A o ^')(x) ^{xotp)o ip-^ and 

[(X o ^) o <^-i](A) = ix o ^)(^-i(A)) - SOT- hm xCr^iCv'-'lA)), . . . , rM^-\X))) 

- SOT- lim x(rAi, . . . ,rA„) = x(^i, ■ • • 

Hence, A o = id. Similarly, we can show that o A ~ id and deduce that is a completely isometric 
isomorphism. Due to Theorem 13.51 we have 

(6.6) $(x) = = - X e F-(D7). 

Now, we show that the Berezin kernel Arj™-* is a unitary operator. Recall that the noncommutative 
Berezin kernel K'-f^^^^ : F^{H„) F'^{H^)®Vf^ 

m.w^fi defined by 

where := Ay „ (-^'^(-ffn))- Since A^^^ ^(^, = (id - $y^ty(/))™ (/) = Pc (see Section 1), 

we deduce that diml?^ ,„ = f, so that we can identify the space T^f^m,w'-S"> with C. Under this 
identification and using relation ()f .4p . simple computations reveal that = If'^(h„)- Since ip 

is unitarily equivalent to the universal model W^^^^ := {Wi'^\ . . . jW^/^), one can easily see that the 
Berezin kernel K^j^ is a unitary operator. Therefore, due to relation ()6.6p . ^' is a unitarily implemented 
isomorphism. The proof is complete. □ 

We remark that when rii = 1, we can use the functional model for pure n-tuples of operators in 
Dj(H) in terms of characteristic functions (see Theorem 3.26 from |29]), to deduce that ip is unitarily 

equivalent to the universal model W^^'^ :— {Wi'^\ . . . ,Wn'^'') if and only if ^ is a pure n-tuple, i.e., 
SOT-limfc_>oo ;p{I) = 0, with rank [/ — ^f,[p{I)] — 1 and the characteristic function = 0. 

The group of all unitarily implemented automorphisms of the Hardy algebra H°°(D^p^^^) is denoted 
by AutuiH°°{Df^^^^)). Let AuU^Df^^^^J be the set of all ip £ Bz/iCD^^p^.^,^, D^^p^^J 'such that ^ is 

unitarily equivalent to the universal model W^^^ := {Wi'^\ . . . jWj/"^). Using Theorem 12.11 and some 
results concerning the composition of pure free holomorphic functions (see Lemma 13.41 and Theorem l3.5p . 
one can easily show that AutwCD^p^j^j.^)) is a group with respect to the composition. As a consequence 
of Theorem 16.21 we deduce that 

A closer look at Theorem 16.21 reveals that one can easily obtain a version of it for noncommutative 
domain algebras. In this case, (p G i3«/i^(Dg, D™), the set of all ip S i3i/i(Dg,D™) such that ip is 

unitarily equivalent to the universal model W'^^'^ :— {Wi'^\ . . . , wi'^"'). The proof is basically the same 
but uses some parts from the proof of Theorem 15.11 Setting Autt„(D™)) :— i?i/it„(D™, D™), we can 
deduce that 

Autu{A{-D%^^)) ^ AutUTff). 

Note that due to our remark above, when m = 1, the group Aut^CDj:) consists of all free biholomorphic 
functions ip € Awt(Dj-) with the property that the model boundary function is a pure n-tuple with 
rank [/ — $/^^(/)] — 1 and the characteristic function 9;^ — 0. 

We mention that in the particular case when m = 1 and / — Xi + ■ • • + Xn we have a more precise 
result. Davidson and Pitts ([7]) used Voiculescu's ([2S]) group of automorphisms of the Cuntz-Toeplitz 
algebra C*{Si, . . . , Sn) ([6^), to show (among other things) that the subgroup Autu{F^^) of unitarily 
implemented automorphisms of the noncommutative analytic Tocplitz algebra F,^ is isomorphic with 
Aut(Mn). In [30) . we obtained a new proof of their result, using noncommutative Poisson transforms [21j . 
and showed that the unitarily implemented automorphisms of the noncommutative disc algebra An and 
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the algebra F^, respectively, are determined by the free holomorphic automorphisms of [B{H)"]i, via 
the noncommutative Poisson transform. According to and fSCF , we have 

Aut{[B{nT]i) ~ Aut{Mn) ~ AutuiAn) ^ Autu{F^). 

We remark here that the conformal automorphisms of B„ also occur in the work of Muhly and Solel 
f|15|) concerning the automorphisms of Hardy algebras associated with VF*-correspondence over von 
Neumann algebras ([H], [l4]). 
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